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Drift-Kinetic S mulations of Neoclassical
Transport

E.A. Belliand J. Candy

General Atomics, P.O. Box 85608, San Diego, CA 92186-5608, USA

Abstract. We present results from numerical studies of neoclassiaakport for multi-species
plasmas. The code, NEO, provides a first-principles basledlation of the neoclassical transport
coefficients directly from solution of the distribution fetion by solving a hierarchy of equations
derived by expanding the fundamental drift-kinetic equatin powers ofp,i, the ratio of the ion
gyroradius to system size. It extends previous studies tyding the self-consistent coupling of
electrons and multiple ion species and strong toroidatimtaeffects. Systematic calculations of
the second-order particle and energy fluxes and first-orndsma flows and bootstrap current and
comparisons with existing theories are given for multiespse plasmas. The ambipolar relation
Y aZala = 0, which can only be maintained with complete cross-spewiditsional coupling, is
confirmed. The effects of plasma shaping are also explored.

Keywords: neoclassical, transport, simulation
PACS: 52.25.Dg,52.25.Fi, 52.65.-y

1. INTRODUCTION

Accurate simulation of turbulence and transport in tokarmedige plasmas requires
a full-f kinetic formulation in which equilibrium and fluctuatiomale dynamics are
merged. While neoclassical transport is generally subdamito anomalous transport
by at least one order of magnitude in the core, neoclassjecardics is believed to be
important in explaining enhanced edge confinement phenanserch as the formation
of transport barriers in the H-mode edge dueEtx B shear stabilization [1]. Thus,
kinetic simulations incorporating such effects are ofriegt.

For this purpose, we have developed a new code NEO, whichda®wa direct nu-
merical solution of the drift-kinetic equation (DKE) basex the drift-kinetic operator
of Hazeltine [2], including coupling to the Poisson equati@vhile analytic estimates
for neoclassical transport coefficients were first devadapehe 1970s, they were based
on a hierarchy of approximations, such as simplified gegmémmited collisionality
regimes, small electron-to-ion mass ratio, etc. (For metaits, see the review articles
by Hinton and Hazeltine [3] and Hirshman and Sigmar [4].Fc&xtensions include the
well-known Chang-Hinton formula for the ion energy flux [S]hieh allows for experi-
mentally relevant values of collisionality and aspecta&br circular plasmas, the analy-
sis of Hirshman et al. [6, 7], which studies the transportmburities, and extensions of
the drift-kinetic formulation to include strong rotatioffexts by Hinton and Wong [8]
and Catto et al. [9]. However, none of the analytic formulae aecurately treat plasma
shaping or self-consistent interspecies coupling ovecdlllsionality regimes. While
some improvement over the analytic formulae is possibla Wié NCLASS code [10],
which is itself based on a combination of moment methods aadlyic formulae for



circular plasmas, the correspondance of NCLASS resultséaidsolution of the DKE
has not been established. Our approach improves on excsinglations by solving a
hierarchy of equations derived using the traditional esj@n procedure in powers of
pPsi, the ratio of the ion gyroradius to system size, and thusessmts a first-principles
approach. Our final result is in some sense an exact solutiothé standard second-
order neoclassical fluxes unrestricted by orderings inGspéio, collision frequency,
etc.

In this paper, we summarize NEO simulation results of nesital transport for
multi-species plasmas. A more detailed account of resnltee diamagnetic ordering
limit appears in Ref. [11]. The remainder of this paper is oiged as follows. In
Sec. 2, we describe the basic simulation model and numeniettlods used in NEO. In
Sec. 3, the simulation results are presented, includingoenisons of the second-order
neoclassical fluxes and first-order bootstrap current witkyaic theory. Studies of the
effects of heavy impurity ions, strong toroidal rotationdashaping are also presented.
Finally, a summary of the results is given in Sec. 4.

2. NEOCLASSICAL SIMULATION MODEL

In NEO, we solve a hierarchy of equations based on expandiagfundamental
drift-kinetic equation in powers op,; = p;/a, the ratio of the ion gyroradiug; =
(cv/mTo)/(z€B) to the system size. Thus the distribution function for egobcees
ais expanded as

fa: f0a+f1a+ f2a+--- (1)

The equations are generalized to include the effects ohgtrotation based on the
derivation by Hinton and Wong [8], who extended the originabclassical theory [2],
which assumes the diamagnetic ordering, to allow for the ddtthe species flow to the
thermal speed to be of arbitrary size. Thus, the leading+ogetectric field is one order
larger than in the diamagnetic drift ordering, as requieedhiintain the asumption of
slow temporal changé ~ p2Qq (WhereQq = zeB/(mic) is the cyclotron frequency)
in the presence of a large perpendicular flow, i.e.

P=P 1 +Pyg+P1+Pr+.... (2)

Hinton and Wong have shown thét ; is a flux function and that the zeroth-order flow

speed must be purely toroidal and species indepentignt= wR20¢ such that the

angular rotation frequency is relateddo 1 by w(y) = —d(%—,l, wherey, the poloidal

flux divided by 2, is the flux surface label. Here we write the equations in tiiating
frame, adopting the velocity coordinatgs= v /2 + A,5(0)vZ, andu = v2 /(2B), wherev
is the rotating frame speedh(6) = (za€/Toa)Po(0) — w?R(8)?/(2vZ,), and®o(y, 6) is
the poloidally-varying part of the potentiabo({, 8) = Po(y, 8) — (Pg). The equations
reduce to the usual diamagnetic ordering in the l@mit; — O.



2.1. Equilibrium equations
The &'(1) equilibrium equation is

V- Ufoa = Caa(foa, foa) - (3)

Thus, the zeroth-order distribution function is Maxwellia the rotating frame with the
form n
Oa e_V2/2Vt2a (4)

(27Toa/Ma)*/2

wherevia = /Toa/Ma is the thermal speed. The temperatufg, = Toa(Y), is a flux
function but the densityjoa(y, 8) = Noa({/) exp(—A (8)), is not. The poloidal potential
®o(y, 0) is determined by thé’(1) Poisson equation, which reduces to the usual quasi-
neutrality relation

> Zaenoa=0. (5)
a
For a general multi-species plasma, we use Newton’s methsdlte for the complete

equilibrium densities, given as input the values of the diexssat the outboard midplane.

2.2. First-order equations

The 0 (p.i) contribution to the drift-kinetic equation is

Vi - 0g1a— ¥6Cgp = — foa <m3—¢';\lf)a + %:dﬁj%w) v -Dag

g0 o ( ~3)] v ez ©

wheregia = fi1a+ an%:CDl is the nonadiabatic distribution functidﬁ'a;b is the linearized
collision operator, and the arguments of the RHS source temaalives are given by

_mac (v _ Macw | (v 2 oyl
al_zae(BJrooRZ), a2_2ae2vt2a (B+wR2 tp—p—| - @

The first-order potential can obtained fray, via the &' (p.i) Poisson equation

> Zﬁ_erz:o(a P =3 ze / d¥Vgia. 8)

The corresponding second-order neoclassical particleaadyy fluxes are given by

[ = </d3\/VE) Dalgla> , Qo= </d%/ToaVE)- U <01VEZ+02) gla> . (9)
ta




The first-order bootstrap current is given by
: wl 1
(jB) = ;zae<n0au|la8> , where U = B o /dgvv|gla. (10)

The numerical approach used in NEO is sketched in Ref. [11}alhtde described in
detail in a future publication. Briefly, we use a mixture of sjpal and finite-difference
approximations. We adopt the kinetic energy= v?/(2v%,) and cosine of the pitch
angleé = v, /v as the velocity space coordinates, since the collisionadpgrdescribed
in the next section, is aligned in these coordinates. We asks lfunction expansions of
Chebyshev polynomials in energy and Legendre polynomiajs Mmesh is used in the
spatial variables and 8. The resulting matrix system is solved with a standard gpars
solver.

2.3. Model forms of the linearized collision oper ator

In this paper, we consider three model collision operatdescribed as follows in
descending order of sophistication. The full Hirshmanr&agoperator [12] (HS) is ob-
tained by a sophisticated expansion and renormalizatitimdinearized Fokker-Planck
operator. The operator conserves number, momentum, eneggff-adjoint and has an
H-theorem. It contains a pitch-angle scattering Lorenterafor and an energy diffu-
sion term as well as models for the deceleration effectragisiom dynamic friction and
for heating friction effects. The zeroth-order Hirshmage®ar operator [6] (HSO) is a
reduced form of the full Hirshman-Sigmar operator whiclaies just the Lorentz oper-
ator and momentum-restoring contributions. It does ingjinwever, the distinction be-
tween the pitch-angle diffusion frequency and the slowdiogn frequency, the latter of
which is known to be important for accurately modeling aatins between species with
similar masses and thus is essential for studies of muitplasmas. Finally, for compar-
ative purposes, we also present results for the Connor mdd8gld very simple opera-
tor based on a multi-species extension of the so-callediklanikh operator [14] which
is useful for analytic work. Similar to the zeroth-order $timan-Sigmar operator, the
Connor model also contains just a pitch angle scattering agara momentum-restoring
term. However, the model does not distinguish between tfieali®n frequency and the
slowing-down frequency and, rather, the form of the singléision frequency is made
to depend asymmetrically on the relative masses of thedaudjiparticles based on an
asymptotic expansion. The Connor model is valid for Lorenésmas, such as pure
plasmas and multi-species plasmas containing only aniaddithighz impurity.

We note that the properties of the collision model are imgdrtn determining the
neoclassical physics, specifically regarding ambipglattt can easily be seen from
the first-order kinetic equation that the plasma maintambipolarity S ;zal 25 only
if the general momentum conservation property coIIisioeratDrfdQ’va S bCan0ib IS
properly maintained, as is done here.



3. SSIMULATION RESULTS

The results presented in this paper are based on the Gentemaicd standard case
parameters [15]r /a= 0.5 andRy/a = 3 (inverse aspect ratio =r /Ry = 1/6),q = 2,

a/Lni =a/Lpe=1,a/L1i =a/L1e= 3, Toi = Toe. S0 geometry witho = quodB/dr =0

and the diamagnetic limite§ = 0) are assumed unless otherwise specified. All cases
with kinetic electrons use the true electron mass, and tha moa is always taken to

be deuterium. Scans are performed over a wide range ofioc:llfsequency,r”‘1 =

\/ere‘z-“n()i In/\/(rryl/ZTo?/z). The energy fluxes are given in units of the ion gyroBohm
of energy fluxQgs = Noi Toivtipg /a%, wherepg = (cv/MiTai)/(z€Bo).

3.1. Basic assessment of code validity

To establish the physical accuracy of the code results, wienpe simulations for
a limited test case consisting of adiabatic electrons, gheah only G is nonzero,
and in the banana regime of collisionality. In these limitee most accurate analytic
result for the calculation o), given by Taguchi's theory [16], is valid. In Fig. 1,
we plot the NEO numerical results against Taguchi’'s the@ywall as theoretical
predictions from Hinton and Hazeltine [3] (HH theory) and @baand Hinton [5]
(CH theory). The salient result is that the Hirshman-Signodiiston model accurately
recovers Taguchi’s theory, while the zeroth-order HirshfSggmar collision model and
the Connor collision model both underestimate the heat fluth the Connor model
results more closely following the Hinton-Hazeltine thedrhe Chang-Hinton formula,
which provides finites corrections to the Hinton-Hazeltine theory and is the most
widely used of the theoretical models, is shown to overesgtgnthe transport, by about
22%. Overall, these results not only verify the code buttfeirtsuggest that an accurate
model for ion-ion collisions, which specifically includesexgy diffusion, is potentially
important for modeling experiments. It is also clear froomparing the zeroth-order
Hirshman-Sigmar model with the Connor model that the deattar effect, represented
by the slowing-down frequenoy® in the Hirshman-Sigmar model, can be significant.

3.2. Resultswith self-consistent electron dynamics

The second-order particle and energy fluxes computed witQ Bie shown in Fig. 2.
Hinton-Hazeltine analytic predictions [3] are also showncontrast to the simulations
in Fig. 1, which treated only a single ion species, the presssults properly account
for the exact electron-mass corrections du€jtp which are not retained in the theory.
We remark that the simulations dynamically recover amlaiptl, I'; = I'e, accurate
at this numerical resolution to about three significant gguror this reason, we plot
only I'i. As noted previously, ambipolarity can only be maintainethwomplete ion-
electron collisional coupling. While the ion particle fluxhigh arises due to the cross-
species parallel momentum exhange, varies on the eleatada, ghe ion energy flux
is generallyO(,/m/me) larger than the electron energy flux. Comparing the collision
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FIGURE 1. lon particle flux versus collision rate in the banana regime the case of adiabatic
electrons. NEO results from all three collision operataies shown, along with predictions from the
Hinton-Hazeltine theory (HH theory), Chang-Hinton the¢@H theory), and Taguchi theory.
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FIGURE 2. (a) lon particle flux and (b) ion and electron energy fluxesusicollision rate. NEO results
from all three collision operators are shown, along withghediction from the Hinton-Hazeltine theory
(HH theory). Since the particle flux is ambipolar to high a@ay, only the ion values are shown.

models themselves in these results, a large variation isrghiy not found — with the
exception that the full Hirshman-Sigmar model consisteyiglds a larger energy flux
in all collisionality regimes for both species.

In addition to the particle and energy fluxes, accurate miog@f bootstrap current
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FIGURE 3. (&) Bootstrap current and (b) ion flow coefficient versusisiah rate. NEO results from all
three collision operators are shown, along with prediaiivom the Hinton-Hazeltine theory (HH theory)
and the Sauter model.

is also of interest. This is shown in Fig. 3a, with the Hintdazeltine theory and the
fits by Sauter et al. [17] shown for comparison. The Sauteraghizdbased on a fitting

formula using the fraction of trapped particles;, andz as parameters. It therefore
includes some finite-aspect-ratio corrections which, asveh are most significant in

the banana regime. In general, we find that the NEO resulth&lpootstrap current lie

between the two theories. Further insight can be achievembhgidering the variation

of the dimensionless flow coefficieky, defined in terms of the parallel flow by

e dy

(UB),, = (Ga) | +Ka(r) (11)

where
~ . CToa [dINNga dInTog z,ed(®g)  wR?dw
S + 1+ 2a(6)) + 25 ==
“a ze | dy dy ( (%) Toa dy Ve dy

In the limit of weak rotation, is the usual diamagnetic frequency and Eq. (11) be-
comes the usual standard neoclassical relation [21]. Ag&Bayplains, the ion dimen-
sionless flow coefficierit; depends very sensitively on bathandv,; and thus the two
effects cannot be decoupled, as is usually done in the an#hgory. Unlike the other
coefficients in the Sauter model, the modelkois based on a modification of the Harris
model [18], which smoothly connects the Hirshman colliggss model and the Hinton-
Hazeltine collisional model. As shown in Fig. 3b, we find WNEO that, with the full
Hirshman-Sigmar modek; is larger than the Sauter prediction. This is consistert wit
the smaller bootstrap current observed in Fig. 3a.

(12)




3.3. Impurity dynamics and rotation effects

The effect of heavy-ion impurities on the ion neoclassicahsport has also been
studied. For these simulations, we use the standard caametars and include fully-
stripped carbon impurity ions witly = 6. The ion-carbon density ratio is specified
through the impurity charge dilution factdi, = z (ng; /noe) and is taken to bé = 0.1.
The impurity equilibrium temperature and temperature gatdscale length are equal
to the main ion values. Scans are performed over a wide raingalsion frequency,
with the ion and impurity collision frequencies varied cistently, assuming that the
Coulomb logarithm is species-independent.

Results are shown in Figs. 4 and 5, together with the analygdigtion of Hirshman
and Sigmar [6, 7], which is based on the zeroth-order Hirsh@igmar collision model
and interpolates to connect the banana and plateau regaoedb. For the particle flux,
shown in Fig. 4, all operators perform well for the electraxflout for ion and impurity
flux the Connor model performs poorly. This is due to the faat the Connor operator
does not model the deceleration effect represented by tverg-down frequency,
which is important for collisions between species with gamimasses. The full and
zeroth-order Hirshman-Sigmar operators agree closelgmxat the highest collision
frequencies, where presumably energy scattering begidernunate. For the energy
flux, shown in Fig. 5, the collision models produce similanis, although the less
accurate models slightly underpredict the ion energy fluxi(ar to the pure plasma
case shown in Fig. 2b). Comparing the NEO fluxes with the theweeyultimately find
that the Hirshman-Sigmar theory gives patrticle flux ratmgsccurate as to be useless.
The theory does a better job of predicting the electron anceiwergy fluxes, but gives
the wrong sign of the impurity energy flux at moderate to higligsion frequency. These
results reflect a general limitation of analytic theoriesrfailti-species plasmas (based
on collisionally-interpolative formulas) due to inadetpianodeling of the multitude
of accessible collisional regimes for any givqﬁl considering all of the collisional
species pairs. For this reason, multi-species analytmribe are typically valid only in
the weak-coupling limit, and, overall, for accurate cadtign of impurity transport, the
Hirshman-Sigmar formulas should be avoided.

Figures 4d and 5d show the relative effect of strong toraidttion. Here we show
the variation of the fluxes with the ion Mach number squakétl= mw?R3/(Toe+ Toi),
for the case of a single collision frequency in the bananamregZero rotation shear is
assumed. Most noticeably, the electrons are least affdxtede rotation, as excepted
since the influence of the centrifugal force is weak due to #mall mass. The impurity
fluxes are largely enhanced by the rotation, due to the isergathe effective fraction
of trapped particles. Due to ambipolarity, the magnitudéhefion particle flux is also
enhanced, while the ion energy flux, which is generally ondaldy influenced by the
collision friction with the impurities, is slightly suppssed.
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FIGURE 4. \Variation of the (a) ion, (b) carbon impurity and (c) electnparticle fluxes with collision

frequency (forw=0). NEO results from all three collision operators are siosong with the prediction
from the Hirshman-Sigmar interpolatory formula (HS thowiso shown (d) is the variation of the
particle fluxes with Mach number squared in the banana regsimg the HS collision operator in NEO.

3.4. Plasma Shape

The effect of cross-sectional shaping on the neoclassiaakport has also been
studied using the Miller local equilibrium model [19]. Inetrsimulation we assume
electrons are adiabatic and use the full Hirshman-Sigméisiom operator. For these
results, we generalize the definition of the normalizingo3ohm unit of energy flux
asQcB = Noi ToiVtiP7ynit /8%, Wherepynit = (C/MToi) /(z€Bynit) is the unit gyroradius.
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HereBynit(r) = (q/r)dy/dr is the effective magnetic field strength [20].

Figure 6 shows the effect of two significant shaping parametetriangularity(d)
and elongatiorik ) — on the ion energy flux. For comparison, we show both the stahd
Chang-Hinton (CH theory) results for the ion energy flux, ad ekl modified formula
(M-CH formula) which evaluates the magnetic field averagesguthe Miller B(6)
rather than the explicit analytic form. This modificatiorcaants for the lesser effect of
shaping which is to modify the geometrical factors whichegppn the kinetic equation.
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The primary effect of shaping is to modiB: from the on-axis value, e.g. the dominant
Bunit scaling is generallyBynit ~ KBg. Thus, it is crucial that the analytic formulas
account for this overall shift in the effective magneticdistrength. This is done via
evaluation of the gyroradius usiigjnit, and not the on-axis field, in both the standard
and the modified formulas. Here we are interested in comgarily the qualitative
trends of NEO and M-CH with shaping, as we have previouslybéisteed in Sec. 3.1
that the Chang-Hinton model overestimates the ion energy lihuthe case ok and?,
there is explicit parameteric only in the M-CH model. Heres thodel is correct in the
case 00, as shown in Fig. 6a, but gives the wrong trenddpas shown in Fig. 6b. This
result suggests that the use of the exact magnetic field @hleg-Hinton formula does
not accurately model the scaling with shaping.

4. SUMMARY

A new Eulerian code, NEO, has been developed for numeriadiest of neoclassical
transport. NEO solves a hierarchy of equations derived pgeding the DKE in powers
of p,i and thus represents a first-principles calculation of theclassical transport
coefficients for general plasma shape. NEO extends prewviongerical studies by
including the self-consistent coupling of electrons andtiple ion species and strong
toroidal rotation.

For benchmarking, comparisons of the second-order tranepefficients with vari-
ous analytic theories have been presented. Three modai@olbperators were com-
pared: the full Hirshman-Sigmar operator, the zeroth-okieshman-Sigmar operator,
and the Connor model. For multi-species plasmas, the anasipadation, which requires



complete cross-species collisional coupling, was confiknWith the full Hirshman-
Sigmar operator, we have confirmed that the widely-used Ckanigpn analytic model
overestimates the ion energy flux in the intermediate agpéotregime, by about 22%
for our simulation parameters. Agreement with Taguchigotty, which is the most
accurate theoretical result in the banana regime, was denated. The zeroth-order
Hirshman-Sigmar operator and the Connor model were foundnsistently underes-
timate the ion energy flux in all collisionality regimes. Audy of heavy-ion impurity
transport showed that the Hirshman-Sigmar interpolatoeptty gives a relatively poor
prediction of ion and impurity fluxes. Strong toroidal radatwas found to significantly
enhance the impurity fluxes in the banana regime. Extensivkes of rotation effects
will be studied in future work.

Finally, parameterized studies of the effects of flux-stefahape (triangularity and
elongation) were performed using the Miller local equiliion model. A simple modi-
fication of the Chang-Hinton theory for shaped plasmas whiethuates the magnetic
field averages using the exact magnetic field was not foune tgelmerally accurate in
predicting the trends of the ion energy flux with shaping paess. However, it is es-
sential to use the effective magnetic field strerih; to compute the gyroradius as it
occurs in the theory to account for the dominant overalltshié to shaping.
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