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MOTIVATION AND GOAL

Motivations

• Main motivation is to explore the predictions of the self-consistent action-
angle transport theory on axisymmetric transport

– We do this by addressing two concrete issues in electron transport not yet
fully understood: (1) peaked density profile with no central sources
(pinches); (2) current density transport

Goals

• Set up a procedure which goes from the initial collision operator in action-
space to an explicit set of transport equations which could be tested against
experimental data

• Study electron transport in magnetic turbulence keeping the “drive” from
the safety factor gradient together with the more conventional thermody-
namic drives



ACTION-ANGLE APPROACH
TO AXISYMMETRIC

TRANSPORT

Use of actions and normal modes

Collision operators in action-space have been introduced to obtain a
very general and at the same time formally simple description of transport
phenomena in complex geometries due to electromagnetic spectra.

This has been achieved by:

(1) using action-angle variables to describe particle motion, so to automatically
include orbit and mode complexities pertinent to inhomogeneous geometries

(2) expressing the fields as an expansion over plasma normal modes, so to
permit a formal solution of Maxwell’s equations



Actions

Canonical transformation from (x,p) to (J,Θ) where the actions Ji ≡
∮
dxi pi are constant of the unperturbed motion, and Θ are cyclic:

H(J,Θ; t) = H0(J; t) + h(J,Θ; t) + · · ·

• Unperturbed motion (assumed integrable) and perturbed motion

H0(J; t) ⇒

{
J̇0 = −∂H0/∂Θ = 0

Θ̇ = ∂H0/∂J ≡ Ω(J; t)
h(J,Θ; t) ⇒

{
δJ̇ = −∂h/∂Θ

δΘ̇ = ∂h/∂J ≈ 0

• Magnetized plasma slab: B = B(x)ẑ = ∂xAy(x)ẑ:

J → (Jg, py, pz) Θ → (Θg, Y, z)

where (X, Y )= G.C. coordinates, and

Jg =
Mc

e
µ0 gyro − action

py = Mvy +
e

c
Ay(x) ≡

e

c
Ay(X) canonical y − momentum

pz = Mvz



• Axisymmetric toroidal geometry:

Flux coordinates: ξ = (α, θ, ζ) where α is the toroidal flux function α ≡ ψt =
Ψt/(2π); θ is the poloidal angle, ζ is the toroidal angle.

Convenient actions are [Ref: A.N. Kaufman, (1972)]:

Jg = µ0

M 2c

q
gyroaction

Jζ = Mvζ +
e

c
Aζ(r) ≡

e

c
Aζ(rb) canonical toroidal angular momentum

Jb =

∮
dθ

2π

q

c
α̃(θ;H0, Jg, Jζ) toroidal flux inside drift orbit

where α̃ is the projection on the poloidal cross-section of the guiding center
trajectory



• Two J ’s are v-like (v⊥, v‖), and one is r-like (rb)

For untrapped particles:

– Jg is v⊥-like

– Jζ is v‖-like (particle transit speed)

– Jb ≈ (e/c)Ψt(rb) is r-like (magnetic surface on which particle moves)

• The first order Hamiltonian is expanded in a Fourier series in the ignorable
and periodic coordinates Θ:

h = [qΦ1 − (q/c)v · A1] →
∑

ℓ

h(ℓ,J; t) exp(+iℓ · Θ)

– The triplet of integers ℓ = (ℓg, ℓb, ℓζ) singles out each one of the harmonics
of the particle perturbing Hamiltonian, i.e., of the orbital motion. In the
general case ℓ 6= k (coincidence in zero-gyroradius, driftless limit).



Normal modes

• In the gauge Φ = 0, the two “∇× “ Maxwell equations can be cast in the form
(Ref: Kaufman, 1972)

∆(x, ω)·A1(x, ω) = −
( c

ω

)2 4π

c
jext(x, ω)

• The inversion is achieved by Green’s function method (G = ∆−1)

A1(x) = −
( c

ω

)2 4π

c

∫

dx′ G(x,x′)·jext(x
′)

where ∆(x, ω)·G(x,x′, ω) = Iδ(x − x′)

• This has been solved in 3-D (Ref: Mynick, 1988) by representing E1 =
(iω/c)A1(x, ω) in terms of the basis set Ea(x) of normal modes (i.e., jext = 0),
so that G and ∆ are brought into ’diagonal form’, making the inversion of ∆
simple

G(x,x′, ω) =
∑

a

Ea(x)Ea(x
′)

Na∆a(ω)

whereGa(ω) = ∆−1
a (ω) are the eigenvalues of the eigenvalue problem for Maxwell

operator: G·Ea(x) = Ga(ω)Ea(x)



QUASI-LINEAR AND
SELF-CONSISTENT COLLISION

OPERATOR

Quasi-linear collision operator

Evolution of the 0th order part of Θ-averaged distribution function [(Ref: Kauf-
man, 1972)]:

∂f(J; t)

∂t
= −

∂

∂J
·〈δJ̇δf〉Θ =

∂

∂J
· Dql(J; t) ·

∂f(J; t)

∂J
.

The diffusion tensor is

Dql(J) =

∫ ∞

0

dτ 〈J̇[J(t),Θ(t), t] J̇[J(t− τ ),Θ(t− τ ), t− τ ]〉Θ

=
∑

ℓ

ℓℓ
∑

a

2πδ(ℓ·Ω − ωa)|C
ql
a (ℓ,J;ωa)|

2 ,

where the “coupling coefficient” Cql
a (ℓ,J, ωa) ≡ ha(ℓ,J, ωa) describes the energy

exchange between a perturbing wave and the unperturbed particle
motion



Self-consistent (or generalized Balescu-Lenard) collision
operator

Evolution of the 0th order part of Θ-averaged distribution function (Ref: Mynick,
1988):

∂f(J1; t)

∂t
=

∂

∂J1

·

[

D(J1) ·
∂f(J1; t)

∂J1

− F(J1)f(J1; t)

]

where D(J; t) is the usual (ensemble averaged) diffusion tensor, and

F(J, t) ≡ 〈J̇pol[J(t),Θ(t), t]〉Θ

is the friction vector which considers the polarization field induced by the test
particle ⇒ back-reaction of particle on fields



Diffusion and drag coefficients
The coefficients D and F have been evaluated by Mynick, 1988 and Hitch-

cock, Hazeltine, Mahajan, 1983:

D(J1) =
∑

ℓ1,ℓ2

ℓ1 ℓ1 D0(J1, ℓ1, ℓ2) , F(J1) =
∑

ℓ1,ℓ2

ℓ1 ℓ2 · F0(J1, ℓ1, ℓ2) ,

D0(J1; ℓ1, ℓ2) =
∑

2

(
2π

M2

)3 ∫

dJ2 Q(ℓ1,J1; ℓ2,J2) f(J2)

F0(J1; ℓ1, ℓ2) =
∑

2

(
2π

M2

)3 ∫

dJ2 Q(ℓ1,J1; ℓ2,J2)
∂f(J2)

∂J2

,

Q(ℓ1,J1, ℓ2,J2) ≡ 2π δ(ℓ1 · Ω1 − ω)
∑

a

|Ca(ℓ1,J1, ℓ2,J2, ω)|2

∣
∣
∣
∣
∣
ω=ℓ2·Ω2

Ca(ℓ1,J1, ℓ2,J2, ω) ≡
4π ha(ℓ1,J1, ω) h∗a(ℓ2,J2, ω)

Na∆a(ω)
.

Here, ∆a(ω) is the eigenvalue of mode “a” of the Maxwell operator
(generalization to inhomogeneous, electromagnetically interacting plasmas of the
dielectric function), and Na = a normalization factor.



TRANSPORT EQUATIONS

• Let χ(x,v; t) be some quantity of interest, whose mean w.r.t. the distribution
function is

χ(x; t) ≡

∫

dv χ(x,v; t) f(x,v; t) ,

and its flux surface average is

〈χ〉ᾱ (ᾱ, t) ≡
1

V ′(r̄)

∫

dx δ[α(x, t) − ᾱ] χ(x; t) .

with ᾱ (or r̄) the flux surface of interest.

Taking the time derivative and passing to action-angle variables

∂ 〈χ〉ᾱ
∂t

=
1

V ′(r̄) M 3

∫∫

dJdΘ
∂

∂t
{χ(J ,Θ, t) δ[α(J ,Θ, t) − ᾱ] f(J ,Θ, t)}

︸ ︷︷ ︸
obtain 3 terms



• Assume as equilibrium distribution a drifting Maxwellian

f(J) = fM(J)

{

1 +
V‖[α(J )]

T [α(J )]
P [α(J)]

}

where V‖ is the parallel drift (flow) speed, P ≡Mv‖, and

fM(J) =
N [α(J)] M 3/2

π3/2 23/2 T [α(J)]3/2
exp (−{H0(J) − qΦ0[α(J)]}/T [α(J )])

• Radial transport law for χ

time evolution
︷ ︸︸ ︷

∂

∂t
〈χ1〉ᾱ −

〈

∂χ1

∂t

〉

ᾱ

= −

Ware−Galeev pinch
︷ ︸︸ ︷

1

V̄ ′

∂

∂ᾱ
V̄ ′

〈

χ1

∂α(t)

∂t

〉

ᾱ

−
1

V̄ ′

∂

∂ᾱ
V̄ ′

flux
︷ ︸︸ ︷

Γ1(ᾱ) =

source
︷ ︸︸ ︷

U1(ᾱ)

Note: Both D and F contribute to flux and source.



• Flux and source:
[

Γ1(ᾱ)
U1(ᾱ)

]

=
∑

2

[
Γ12(ᾱ)
U12(ᾱ)

]

=
∑

2

∑

ℓ1,ℓ2

∑

k

1

V ′(r̄)

(
2π

M1

)3∫

dJ1

(
2π

M2

)3∫

dJ2

spectrum
︷ ︸︸ ︷

Q(ℓ1,J1; ℓ2,J2)

flux or source
︷ ︸︸ ︷[
Xχ(J1, t, ℓ1, ᾱ)
Y χ(J1, t, ℓ1, ᾱ)

]

fM(J1)fM(J2)

drives
︷ ︸︸ ︷

A(J 1,J2, ℓ1, ℓ2)

where:
[
Xχ

Y χ

]

≡

∫
dΘ

(2π)3

[
χ(J ,Θ, t) ℓ · ∂Jα(J ,Θ, t)

ℓ · ∂Jχ(J ,Θ, t)

]

δ[α(J ,Θ, t) − ᾱ]

Q(ℓ1,J1, ℓ2,J2) ∝ δ(ℓ1 · Ω1 − ℓ2 · Ω2)

coupling coeff.
︷ ︸︸ ︷

Ca(ℓ1,J1; ℓ2,J2)



• The driving term is:

A(J1,J2, ℓ1, ℓ2) ≡

(

1 +
V‖,1P1

T1

) (

1 +
V‖,2P2

T2

) (
ℓ1 · Ω1

T1

−
ℓ2 · Ω2

T2

)

−

[(

1 +
V‖,2P2

T2

)

G1

V‖,1
T1

−

(

1 +
V‖,1P1

T1

)

G2

V‖,2
T2

]

−

(

1 +
V‖,1P1

T1

) (

1 +
V‖,2P2

T2

)

(g1 AN,1 − g2 AN,2)

−

[
V‖,1P1

T1

(

1 +
V‖,2P2

T2

)

g1 AV,1 −
V‖,2P2

T2

(

1 +
V‖,1P1

T1

)

g2 AV,2

]

−

(

1 +
V‖,1P1

T1

) (

1 +
V‖,2P2

T2

) (

g1

K0,1

T1

AT,1 − g2

K0,2

T2

AT,2

)

.

g ≡ ℓ · ∇Jα(J) , G ≡ ℓ · ∇J{Mv‖[α(J)]} , K0 ≡ H0 − qΦ0 =
Mv2

2
,

AN = N ′/N + (q/T )Φ′
0 − (3/2)T ′/T , AT = T ′/T , AV = V ′

‖/V‖ − T ′/T .

– Because of δ(ℓ1 · Ω1 − ℓ2 · Ω2), ℓ1 · Ω1/T1 − ℓ2 · Ω2/T2 → 0 when T1 = T2.

– The drive proportional to G is zero when V‖1, V‖2 = 0



SELF-CONSISTENT
TRANSPORT IN MAGNETIC

TURBULENCE

Evaluation coupling coefficient

• For passing particles in magnetic turbulence, the perturbing Hamiltonian re-
duces to

|ha(ℓ,J;ω)|2 ≃
∣
∣
∣(q/c)v‖A

a
‖

∣
∣
∣

2

δ(ℓζ − na)J
2
ℓg

(zg)J
2
ℓb−ma

(zb)

– zg = k⊥ρg and zb = [(krrd)
2 + (mθd + nζd)

2]1/2 [where (rd, θd, ζd) quantify
the particle excursion from the field lines in the course of a transit period]

– Jℓ(zg), Jℓ(zb): represent the strength of that portion of mode “a” that is
oscillatory at exp[i(ℓgΘg + ℓbΘb)] (i.e., range of ℓg and ℓb over which a mode
contributes)

– δ(ℓζ − na): gives that portion (namely, all or none) of the mode that is oscil-
latory at exp(iℓzΘζ).



• The spectrum in the collision operator is thermal, i.e., driven solely by uncor-
related shielded test particles (as in the standard BL operator)

To approximate realistic turbulence, we replace it with a supra-thermal spec-
trum, the pseudo-thermal ansatz of Mynick and Duvall, PoF 1989:

(i) Assume that the “generalized dielectric function” ∆a is nonlinearly modified
so that (∆k⊥ ∼ ρ−1

gi , ∆k‖ ∼ L−1
s , ∆k⊥ ≫ ∆k‖)

Aa(r, ωa) → Aa
‖ ∝ B̃2(2) exp[−

k2
⊥

2(∆k⊥)2
−

k2
‖

2(∆k‖)2
]

(ii) Replace the spectrum driven by species 2:

∫

dJ2 f(J2)

Ca

︷ ︸︸ ︷
∣
∣
∣
∣

4π ha(ℓ1,J1, ω) h∗a(ℓ2,J2, ω)

Na∆a(ω)

∣
∣
∣
∣

2

→

∫

Va

dJ2f(J2)

∣
∣
∣q1A

a
‖

∣
∣
∣

2

VaN2〈|u2/c|2〉

∣
∣
∣
u1u2

c2

∣
∣
∣

2

Important point: the pseudo-thermal spectrum retains the structure of the
original thermal spectrum ⇒ it maintains the required properties of the

collision operator



Procedure to evaluate fluxes and sources (I)

Procedure consists of three main steps:

[
Γ1(ᾱ)
U1(ᾱ)

]

∝

step 1
︷ ︸︸ ︷∑

ℓg1,ℓg2

∑

ℓζ1,ℓζ2

∑

ℓb1,ℓb2

step 2
︷ ︸︸ ︷∫

dJ1

∫

dJ2

step 3
︷︸︸︷∑

k

δ(ℓζ1 − na) δ(ℓζ2 − na) δ(ᾱ1 − α)

spectrum
︷ ︸︸ ︷

Q(ℓ1,J1; ℓ2,J2)

flux or source
︷ ︸︸ ︷[
Xχ(J1, ℓ1, ᾱ)
Y χ(J1, ℓ1, ᾱ)

] drive
︷ ︸︸ ︷

A(J1,J2, ℓ1, ℓ2) ,

where

Q ∝ δ(ℓ1 · Ω1 − ℓ2 · Ω2) |A‖|
2 |v‖,1|

2|v‖,2|
2

A ∝ ℓj·Ωj(Jj), gj(Jj), Gj(Jj) j = 1, 2



Procedure to evaluate fluxes and sources (II)

Step (1): ℓ sums
The sums over ℓg are eliminated by setting ℓg = 0 (no gyro-resonances).
The sums over ℓζ are performed using δ(ℓζ − na) (axisymmetry).

The sums over ℓb are converted into integrations (due to resonance broadening
effects), and using δ(ℓb1Ωb1 + naΩζ1 − ℓb2Ωb2 − naΩζ2) in the ℓb1 sum. For example:

∫

d(ℓ1·Ω1) δ(ℓ1·Ω1 − ℓ2·Ω2)

(
ℓ1·Ω1

T1

−
ℓ2·Ω2

T2

)

→ (ℓ2·Ω2)
1

T2

(
T2

T1

− 1

)

Before proceeding, need expressions of various factors in the far-untrapped limit. For
example:

ℓ2·Ω2
κ→∞
−→ ω′

b2 + k‖v‖2 − nac

(
M2

q2

∂qsaf

∂α0

v2
‖2 − qsaf

∂Φ0

∂α0

)

Xχ
1

κ→∞
−→





1
M1v‖1
K2



 g1 δ(α− ᾱ) , Y χ
1

κ→∞
−→





0
1
v‖1



 G1 δ(α− ᾱ)



Step (2): J integrations
For untrapped particles we approximate

∫

Va

dJj ≃
M 2

jR0

B0

∫

dαj

∫ +∞

−∞

dv‖j

∫ +∞

Mjv
2
‖j
/2

dK0j .

The dα1 integration is performed using δ(α1 − ᾱ), while the dα2 integration is
performed approximating the equilibrium quantities as constants inside Va. The
remaining integrations are trivial.

Step (3): k sums
These sums are converted into integrations,

∑

k

=
Va

(2π)2

∫ ∞

0

dk⊥ k⊥

∫ ∞

−∞

dk‖

and performed in the approximation k‖ ≪ k⊥ (magnetic turbulence).



Fluxes

Keeping only terms of O(1) in ǫ ≡ ρe,pA ∼ 10−3, where AN,AV,AT or Asaf ≡
(dqsaf/dr)/qsaf, we obtain for the electron particle flux:

ΓNe = 3Lei

(
Ti
Te

− 1

)

Asaf − Lei

(

L−1
Ne

+ L−1
Ni

+ L−1
Te

+ L−1
Ti

)

where

L12 =
∑

ra

p2πN1b
2
tD̂RR(1, 2) with D̂RR(1, 2) = vth,1

vth,1

Ωb,M

v2
th,2

〈|v‖2|2〉
b̃2r(2)

J2
0 (zg,1)J

2
0 (zg,2)

πzb,M

- For (1, 2) = (e, i), using vth,e/Ωb,M=e ≃ qsafR0 and 〈|v‖i|
2〉 = v2

th,i:

D̂RR(e, i) ∝ vth,eqsafR0b̃
2
r(i)

i.e., a generalized Rechester-Rosenbluth coefficient



• Electron-electron particle flux is zero, and no dependence on Φ0

• Compare with conventional expression ΓNe = −DN
N (dNe/dr) − DN

T (dTe/dr) +
VNNe:

DN
N = Lei/Ne diffusion coeff. , DN

T = Lei/Te thermo − diffusion coeff.

VN = −
Lei

Ne

[

LNi + LTi − 3

(
Ti
Te

− 1

)

Aqsaf

]

pinch velocity

Particle pinch velocity due to q′saf

Safety factor profiles (left) and corresponding pinch velocity profiles (right), for

typical tokamak profiles with central values Te,0 = 4.8 keV and Ti,0 = 1.3 keV, and for b̃r = 1× 10−4.



Total particle pinch velocity
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Condition for particle pinch

Fpinch ≡
3|LNi| (1 − Ti/Te)Aqsaf

1 + ηi
> 1 ,

where ηi ≡ LNi/LTi and we have assumed conventional discharges with LNi =
−|LNi|, LTi = −|LTi|, ηi > 0 and Aqsaf

> 0
⇒ for Ti < Te pinch threshold depends on Aqsaf

, Ti/Te and i-profiles



Keeping only O(1) terms we obtain for the electron momentum and energy fluxes:

ΓVe = −3MeV‖e

{

Lei

(

L−1
Ne

+ L−1
Ni

+ L−1
Te

+ L−1
Ti

)

+ (Lei + Lee)L
−1
V‖e

−

[

2Lei

(
Ti
Te

−
3

2

)

+ Lee

]

Aqsaf

}

ΓTe = −
5

2
Te

{

Lei

(

L−1
Ne

+ L−1
Ni

+ L−1
Ti

)

+ (2Lei + Lee)L
−1
Te

−3Lei

(
Ti
Te

− 1

)

Aqsaf

}

Compare the energy flux with conventional expression ΓTe = −χNTe(dNe/dr) −
χTNe(dTe/dr) −

5
2
ΓNe Te + VTNeTe:

χN = 5
Lei

Ne
, χT = 5

3Lei + Lee

2Ne
thermal diffusivities

VT = −5
Lei

Ne

[

L−1
Ni

+ L−1
Ti

− 3

(
Ti
Te

− 1

)

Aqsaf

]

pinch velocity

The condition for energy pinch is identical to the condition for particle pinch



Sources

Keeping only O(1) terms we obtain for the electron momentum and energy sources:

(rB0t)U
V
e = −3MeV‖e

[

Lei
Ti
Te
Aqsaf

(

L−1
Ne

+ L−1
Ni

+ 2L−1
Ti

+ 5Aqsaf

)

+

(

Lei
Ti
Te

− Lee

)

Aqsaf
L−1
V‖e

+ Lee

(
∆k‖/∆k⊥

pbpρe,p

)2
]

(rB0t)U
T
e = −3TeAqsaf

[

Lei
Ti
Te

(

L−1
Ne

+ L−1
Ni

+ 2L−1
Ti

)

+

(

Lei
Ti
Te

+ Lee

)

L−1
Te

−5Lei
Ti
Te
Aqsaf

(
Ti
Te

− 1

)]

Assuming a true Maxwellian distribution (no N,T gradients):

(rB0t)U
T
e = 15LeiTiA

2
saf (Ti/Te − 1)

⇒ electron-cooling when Te > Ti, as it should be (thanks to friction term!)



Ohm’s law

Approximating V‖e ≃ −j‖/(eNe) in momentum balance, we obtain the general-
ized Ohm’s law

−
Me

e2Ne

∂
〈
j‖

〉

r

∂t
+

〈NeEt〉r
Ne

= ESC
‖ + EBS + ηneo

‖ j‖

where the self-consistent contribution is

ESC
‖ = ηanj‖ + η×

dj‖

dr
+

1

B0r

d

dr

[

rηH
d

dr

(
j‖

B0

)]

where the order-of-magnitude expressions for the transport coefficients are

ηH≃
4π

ω2
e

B2
0

Lee

Ne
, η× ≃

4π

ω2
e

1

LNe

(

1 −
LNeǫ̂

ρe,p

)
Lee

Ne
,

ηan≃
4π

ω2
e

1

L2
B

(

1 −
L2
Bǫ̂

LNeρe,p
+
L2
Bǫ̂

2

ρ2
e,p

)
Lee

Ne
+

1

r

d

dr
r

[
4π

ω2
e

1

LB

(

1 −
LBǫ̂

ρe,p

)
Lee

Ne

]

,

where ω2
e = 4πe2Ne/Me, and ǫ̂ is a nondimensional function of order ǫ.



Transport rates

Compare particle diffusion coefficientDN
N , (diagonal) thermal diffusivity χT , hyper-

resistivity ηH and anomalous resistivity ηan:

DN
N χT ηH/B

2
0 ≈ ηan/(ǫ̂/ρe,p)2

Lei/Ne Lee/Ne (4π/ω2
e)Lee/Ne

• Since b̃2(i)/b̃2(e) ∝ v2
th,i/v

2
th,e ⇒ Lee ≫ Lei, particle diffusion is slower

than heat diffusion.

• Because of the small factor 1/ω2
e , where ω2

e = 4πe2Ne/Me is the electron plasma
frequency, current diffusion is slower than heat transport, (ηH/B

2
0)/χT ∼

4π/ω2
e ≪ 1.

• Analogously, ηan/χT ∼ 4π/ω2
e ≪ 1 so that anomalous resistivity remains

small (even though thermal conduction is much enhanced by turbulence):

σan/σc ≃ 104 ≫ 1



SUMMARY AND RESULTS

• We have considered the action-angle generalization of the Balescu-
Lenard collision operator to study electron transport in magnetic turbu-
lence

• The turbulent calculation required to obtain the magnetic spectrum has been
avoided by using the “pseudo-thermal” spectrum of Mynick & Duvall

• We have derived the complete set of transport equations (particle, momen-
tum, energy and Ohm’s law) for passing electrons

• We have found:

(i) Drives proportional to q′s/qs are present in all transport fluxes and
sources

(ii) Particle and energy pinches “driven” by q′s/qs depend crucially on Ti/Te,
and on ηi ≡ LNi/LTi

(iii) (hyper-resistive) current diffusion slower than particle diffusion slower than
heat diffusion

(iv) Anomalous resistivity very small



FUTURE PLANS

• Carry out similar calculation for trapped particles in electrostatic turbulence
(TEM)

• Improve on the “pseudo-thermal” ansatz. This requires the derivation of a tur-
bulent version of the generalized BL operator. A possible model is Dupree
turbulent version of the BL operator

– The BL includes the collective nature of the plasma dynamics and describes
long-range interactions by the electrostatic field

– In some cases the initial conditions (the ballistic term) in the propagator
of the correlation can affect the relaxation, especially if the initial conditions
deviate greatly from the equilibrium distribution

– The ballistic effect is usually analyzed in terms of clumps, i.e., clusters of
particles moving together and thus forming a macroparticle with a finite life
time (Dupree; Terry, Diamond and Hahm)



(  ,   )x p (  ,   )x p

gBL

(  ,   )Θ J(  ,   )Θ J

in complex geometry
normal modes

electromagnetic
turbulence

in complex geometry

action−angle
(Mynick, ’88)

"clumps" assumption

(Dupree, ’70)

provisionally: pseudo−thermal ansatz

(Mynick & Duvall, ’89)

BL

gBL gtBL

tBL

homogeneous
electrostatic

normal modes
in simple geometry

homogeneous
electrostatic
turbulence

in simple geometry

inhomogeneousinhomogeneous
electromagnetic

(Ref: Mynick, APS 1989)



Physical interpretation of self-consistent spectrum

Θ Θ2δ(   −    ) = Σ
l2a,

a a l 2

Na ∆ a a∆aN

a a l 2l 1

h(   , a)l1, h(   , a)l2,

a∆aN

l2
.Ω2 l1

.Ω1
2 1

source
point ∆ a

shielding by plasma

Σ
l2

l 2
l1,a, l 2

Σ

*

coupling coefficient

quasi−linear resonance

absorber
point

(Ref: Mynick, APS 1989)



Parallel with standard Balescu-Lenard operator

∂f(v1; t)

∂t
=

∂

∂v1

·

[

DBL(v1) ·
∂f(v1; t)

∂v1

− FBL(v1)f(v1; t)

]

∂f(J1; t)

∂t
=

∂

∂J1

·

[

DgBL(J1) ·
∂f(J1; t)

∂J1

− FgBL(J1)f(J1; t)

]

[
DBL(v1)
FBL(v1)

]

=

∫

dk k

(
2π

M2

)3

n0

∫

dv2 Q
BL(k,v1;k,v2)

[
kf(v2; t)

k·∂v2
f(v2; t)

]

[
DgBL(J1)
FgBL(J1)

]

=
∑

a

∑

ℓ1,ℓ2

ℓ1

(
2π

M2

)3 ∫

dJ2 Q
gBL(ℓ1,J1; ℓ2,J2)

[
ℓ1 f(J2; t)

ℓ2·∂J2
f(J2; t)

]

QBL(v1,v2) = 2π δ(k·v1 − k·v2)
∣
∣CBL(k,v1)

∣
∣
2

QgBL(ℓ1,J1, ℓ2,J2) = 2π δ(ℓ1·Ω1 − ℓ2·Ω2)
∣
∣CgBL(ℓ1,J1, ℓ2,J2, ωa)

∣
∣
2

CBL(k,v1) =
φ(k)

ε(k·v1)

CgBL(ℓ1,J1, ℓ2,J2, ωa) =
4π ha(ℓ1,J1, ω) h∗a(ℓ2,J2, ω)

Na∆a(ω)


