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MOTIVATION AND GOAL I

Main motivation is to explore the predictions of tkelf-consistent action-
angle transport theory  on axisymmetric transport

Motivations

{ We do this by addressing two concrete issues Iin electrasptamot yet
fully understood: (1peaked density pro le with no central sources
(pinches); (2kurrent density transport

Goals

Set upa procedure which goes from the initial collision operator in action-
space to arexplicit set of transport equations which could be tested against
experimental data

Studyelectron transport inmagnetic turbulence keeping the \drive" from
the safety factor gradient  together with the more conventional thermody-
namic drives



ACTION-ANGLE APPROACH
TO AXISYMMETRIC
TRANSPORT

Use of actions and normal modes

Collision operators in action-space have been introduced to obtain a
very general and at the same timérmally simple description of transport
phenomena imomplex geometries due toelectromagnetic spectra

This has been achieved by:

(1) usingaction-angle variables to describe particle motion, so to automatically
Include orbit and mode complexities pertinenirtoomogeneous geometries

(2) expressing the elds as arpansion over plasma normal modes , soto
permit aformal solution of Maxwell's equations



Actions

(Ganonical transformation from (x;p) to (J; ) where the actiong;
dx; p; are constant of the unperturbed motion, andare cyclic:

H(J; ;t)=HoJ;t)+ hJ; ;t)+

Unperturbed motion (assumattegrable and perturbed motion

b= @H=@ =0 l= @h=@
Ho(J;t h(J; ;t
0 _—ew@ @y YY) - @ne o
Magnetized plasma slab: B = B(x)2 = @Ay(X)2:
J! (Jg PyiP2) V(¢ Y52
where K;Y )= G.C. coordinates, and
Mc :
Jg = o O gyro action
by = Mvy + gAy(x) gAy(X) canonical y momentum

pP; = My,



Axisymmetric toroidal geometry:

Flux coordinates: =(;; ) where is the toroidal ux function ¢ =
t=(2 ); Is the poloidal angle, is the toroidal angle.

Convenient actions are Ref: A.N. Kaufman, (1972):

M 2c .
Jg = OT gyroaction
e e . .
J = I\/Iv + (—:A (r) EA (rp) canonical toroidal angular momentum
d . . . .
Jp = 2—%~( Ho; Jg;J ) toroidal ux inside drift orbit

where ~is the projection on the poloidal cross-section of the rquickenter
trajectory



Two J's are v-like (V5 ; V), andone isr-like (rp)

For untrapped particles:

{ Jgisvo-like

{ J isv,-like (particle transit speed)

{ Jb (e=q (rp) isr-like (magnetic surface on which particle moves)

The rst order Hamiltonian IS expanded in a Fourier series in the ignorable
and periodic coordinates: «

h=[q 1 (g=9v A4]! h(;J;t)exp(+i™ )
{ Thetriplet of integers ~ = (¢ b ) singles out each one of the harmonics

of the particle perturbing Hamiltonian, i.e., of tbebital motion. In the
general case6 k (coincidence in zero-gyroradius, driftless limit).



Normal modes

In the gauge =0,thetwoY \ Maxwell equations can be cast in the form
(Ref: Kaufman, 1972)

c 24
(D) Aty = ealxi!)
The inversion is achieved by Green'f function meti®d (1)
c 24 0 .
A= 7 OG0 fen(X)

where (x;!)G(x;xO,!):I.(x x9

This has been solved in 3{Bef. Mynick, 1988) by representinde, =
(i'=c )A 1(x;!) In terms of the basis sé&;(x) of normal modes (i.6.ex = 0),
so thatG and are brought into 'diagonal form', making the inversion of
simple

X
GxixCly = - EabOEa(X)
. Na o)
whereG,(! ) = ,(!) are the eigenvalues of the eigenvalue problem for Maxwell
operator:G E5(x) = Ga(! )Ea(x)



QUASI-LINEAR AND
SELF-CONSISTENT COLLISION
OPERATOR

Quasi-linear collision operator

Evolution of the & order part of -averaged distribution functidiiRef: Kauf-
man, 1972)]

@(J;t)_ _@ - :_@ aqlg -
ot @hlfl @ D™(J;t)

The di usion tenior IS
1

DY) = d haJ(t); (t);t]aPeE ) )t i
X0 X
= h 2 ( !a)jcgl(\;\];!a)jzi

a

@1J;t)
@

where the \coupling coe cientCJ'(";J;!2)  ha(;J;! 2) describes thenergy
exchange between a perturbing wave and the unperturbed part Icle
motion



Self-consistent (or generalized Balescu-Lenard) collisi on
operator

Evolution of the & order part of -averaged distribution functiaiRef: Mynick,
1988)

@st) . @ D(Jy) @1J ;1)
@1

= F(J)f (It
ot " @, (I0f Gut)
whereD (J;t) is the usual (ensemble averagéid)sion tensor , and
F(3;t) h IPR();  (1):t]

IS thefriction vector  which considers the polarization eld induced by the test
particle) back-reaction of particle on elds




Di usion and drag coe cients
The coe cientsD and F have been evaluated Ibynick, 1988 and Hitch-

cock, Haz>?ltine, Mahajan, 1983 «

D) = 1 1Do(Jd1; 15 2); F(@Jp)= 1 2 Fo(Qu 10 2);
\1;\2 \1:\2
X 2 3Z
Do(J1; 15 2) = e dd, Q( 1;d1; 2:32) F(J2)
2
? 7
o X2 8 o @fJ
Fo(J1; 15 2) = Mo dJ, Q( 1;Jd1; 25J2) ( 2);
, 2 @,
N N < X : . . )
Q(1;J1; 22d2) 2 (1 1 ) 1Ca( 1;d1; 2:d2: 1))
a 1=
4 ho(C1:J3::10) ha( -5
Ca(C 1,315 2,d2;1) a 119371 Ia( 292! :
Na a(!)

Here, a(!') is the eigenvalue of mode \ a" of the Maxwell operator
(generalization to inhomogeneous, electromagneticédsacting plasmas of the
dielectric function), anél, = a normalization factor.



TRANSPORT EQUATIONS I

Let (X;v;t) be some quantity of interest, whosean w.r.t. the distribution
function is Z

—(x;t) dv  (X;vit) f(x;v;t);
and its ux surface average s .
., 1 _ iyt -
i (5t) 0) dx [ (x;t) ] (x1):
with  (orr) the ux surface of interest.
Taking the time derivative and passing to action-anglelobas

Y4
@i __ 1 @ g oy -
arvinme P4 gl O 0 1@ 1@ g

obtain 3 terms



Assume as equilibrium distribution a drifting Maxwellian

_ Vil ()]
F@)= @) 1+ 305y PL A
whereV, is the parallel drift ( ow) speed? Myv,, and

N[ (3] M2

im(J) = — 22 T[ (32

exp(f Ho(d) q of (I)Io=T[ (J)])

Radial transport law  for

~ time e}\ioLution -l-{ - Ware 7Qﬂleev pinch*_{ ) .
@h_ @;: 1 @Vo @ (1) 1 @\/0 Zi}? -g = %C}I -i
' @ - Ve ' ‘et we' 1)7Y

Note: Both D and F contribute to ux and source.



Flux and source:

1( ) :X 12 ) :X ©r 12 ZdJ 2 ZdJ
U ) —, U) © oL VA My T M2 i
spggtrum Z — O}lsource { es
LR FSEEE ) @) AT 3
where: 5
X d J; ;1) @ (JI; ;1) oo
Y (2 )3 T @ ;o) BSLA

> coupI}wP coe:
QC1Jd1 20d2)/ (1 1 2 2) Calu ng



The driving term is:

.. Vi.1P1 VikeP2 71 1 2 2
AJq1do 1] 1+ = 1+ =
(J1;d 2 15 2) T, T, T, T,
V,.-oP A\ V,..P V..
1 4+ Jk22 ) Vi1 14+ ka1 , Vk:2
T, T T T,
Vi:1P1 Vi:oP2
1+ = 1+ 2 (01 ANt 2 An2)
T T,
Vic1P1 Vi.oP2 Vi.oP2 Vi1P1
: 1+ — . i 1+ — Ay
T, T, 01 Ava T, T, O Avp
Vic1P1 Vi.2P2 Ko1 Ko2
1+ -8 1+ % RhEy . “92A
T, T, O1 T, T1 O T, T:2
M v 2
g ry ); G r 3tMv [ (J)]g; Ko Ho o= 5
An=NEN+(g=T) 3 GB=2TET; Ar=TET; Ay=VE TET:
{ Because Of(\ 1 1 \2 2), ’ 1 1=T1 \2 =T, | OWhenTl = To.

{ The drive proportional t@> is zero wheW,q; Vio =0



SELF-CONSISTENT
TRANSPORT IN MAGNETIC
TURBULENCE

Evaluation coupling coe cient

For passing particles in magnetic turbulencahe perturbing Hamiltonian re-
duces to

2
ihaC; 307 (@=9viAR C na)d?(2g)d% m,(20)

{ zg= ko g and z, = [(krg)?+(m g+ n 4)?*2 [where g; 4; ¢) quantify
the particle excursion from the eld lines in the course o@asit period]

{ J(zg), J(z): representhe strength of that portion of mode \a" that is
oscillatory at exp[ ¢ ¢+ b b)] (i.e., range ofy and ', over which a mode
contributes)

{ ( ny): givesthat portion (namely, all or none) of the mode that is oscil-
latory at exp(; ).



The spectrum in the collision operatothgrmal , i.e., driven solely byncor-
related shielded test particleéas in the standard BL operator)

To approximate realistic turbulencee replace it with a supra-thermal spec-
trum, the pseudo-thermal ansatz of Mynick and Duvall, PoF 1989:

() Assume that the \generalized dielectric functiony is nonlinearly modi ed
sothat ( k, ;& k¢ Lg% ke Ky)

k2 K
2( k2 2 kP

(i) Replace the spectrum driven by species 2:

A%(r;l ) ! A2/ B?2) exp[

Z Z R ﬁa " g Z a 2
43, f (3,) 4 ha( 1535 ) ha( 23250 ) ° Q4 (3) AR UqUy 2
Na a(!) - Vs VaNzhjUZZ(jzi c?

Important point. the pseudo-thermal spectrum retainghe structure of the
original thermal spectrum) it maintains the required properties of the
collision operator




Procedure to evaluate uxes and sources (l)
Procedure consists of three main steps
stap, 2
() X% Sgﬁplx {Z ﬂ% {%ﬁqs
1 / dJ; dJ,
glig2 1 2 bl w2 k

(, na C, na (1 )

UX OHSOUI’CE

V4
= Speﬁtr\um X (J i - ¥

{ jve
QC1J1 23 Y (311 ; Z\(Jljlz;‘l;‘zg;

where

Q/ (1 1 2 2)jAkj2ij;]j2ij;2jz
Al 75 05905605 =12



Procedure to evaluate uxes and sources (lI)

Step (1): = sums

Thesums over 4 are eliminated by setting, = O (no gyro-resonances).
Thesums over = are performed usind  ny) (axisymmetry).

The sums over " are converted into integrations (due to resonance braagleni
eects),andusing(p1 m+tNa 1 w w Na 2 inthe y sum. For example:

. . . ) ) . 1 T

d 1 1 2 2 ! + 12 1
(1 0 C2 1 2 2 T T (2 2 T

Before proceeding, need expressions of various factoedan-untrapped limit. For

example:

AN M @ @
o ol ! 82 + KWk NaC Ez@;gﬁVEz qsaf—o
2 3 0o 3 =0

1 0
X1 4 My 5 o ( ), Y 1 415G ( )
K2 Vi1

11



Step (2): J integrations
For untrapped particles we approximate
V4 M_ZROZ Z +1 V4 +1
de ' J d i dej dKOj :

.2 =

The d 4 integration is performed using( i ), while thed » integration is
performed approximating the equilibrium quantities asstaons insideV,. The
remaining integrations are trivial.

Step (3): k sums
These sums are converted into integrations,
X Z 4 A
- _Va dk, k dk
= 2 K2 Kk
. (2)7 0 1

and performed in the approximatién  k» (magnetic turbulence).




Fluxes

Keeping only terms dd(1) in epA 10 3, whereAy; Ay; At or Agy
(dgsa=dr)=0q;a, We obtain for theslectron particle ux

T
e TB8Lei = 1 Asar Lo Lyt L+ Lo+ Ly
e

where

% : V Zy1)Jd5(Z
Li2= P> N 1tPDrr(1;2) with Dgrr(L2) = Vina thlh Vi, 22 (2) J5(2g1)3§(zg;2)
b;M NMVko) 7 Z p:M

la

- For (1, 2) = (&;i), usingVin,e= pm=e ' GkafRo andhjvgji = v,

Drr(€;1) /' VineOkaRolF (i)
l.e., ageneralized Rechester-Rosenbluth coe cient



Electron-electron particle ux is zero, and no dependemce 0
Compare with conventional expressicgh= D} (dNe=dr) DY (dTe=dr) +
DN = Lei=Ne diusion coe: ;DY = L=T. thermo diusion coe:
L e T . :
W= — Ly+L 3 = 1 Ag, pinch velocity
Ne Te !
Particle pinch velocity due to ¢,

Safety factor pro les (left) and correspondinginch velocity pro les (right) , for
typical tokamak pro les with central valudg, = 4:8 keV andT;o = 1:3 keV, and foy =1 10 %



Total particle pinch velocity

5.5+ ] A

51 507
8 / ]
451 40+
4 — ]
] v ]
5 3.5 E. 301
(Dl 1 § ]
o ] | i
Z 20]
> ]
101
1 01

0 01 02 03 04 05 06 07 01 02 03 04 05 06 07

r [m] r[m]

Condition for particle pinch

3JI—N|J (1 Ti:Te)AUSaf > 1
1+ ’
where | Ly, =Lt and we have assumed conventional dischargesLwjth+
j LNij’ LTi - J I—Tij’ i > 0 anqusaf> 0
) for T, <Tg pinch threshold depends on A, _, Ti=Te and i-pro les

|:pinc:h



Keeping onhyO(1) terms we obtain for thelectron momenturandenergy uxes

N
g = MeVie Lei LN:eL+ I‘Nil_l_ I‘Te1+ I‘Ti1 +(Lei+ Lee)LVkle
T, 3
2|—e| T_Ie é + Lee A%af
5 n
Ti
3L ei T_e 1 Ag,

Compare the energy ux with conventional expressibn= N Te(dNe=dr)
Ne(dTe=dr) 2 NTe+ VyNeTe

2 e
I—ei 3|—ei+ Lee ) ...
=5—: =5 thermal di usivities
NN, T 2N,
_ I—ei 1 1 Ti . )
Vip= 55— Ly +tLys 3 — 1 Ay, pinchvelocity
Ne M 7T 7 T ;

The condition for energy pinch is identical to the conditamarticle pinch



Sources
Keeping onlyO (1) terms we obtain for thelectron momentu@andenergy sources

T
(Ba)Us =  3MeVie LeiT_Iersaf L * LNi1+2LTi1+5A#Osaf
Ti 1 k= ko
+ I—ei_ L ee Aosafl-\/ke"' Lee

e Py ep

Ti T,
(rBBa)Us = 3TAq,, Lei_l.—I Lao+ Ly +20L0 + Lei_l_—'+ Lee Ly

e e
Ti Ti
BLo—A — 1
€l Te Osaf Te

Assuming a true Maxwellian distribution (g T gradients):
(rBo)Ug = 15L T AZ((Ti=Te 1)

) electron-cooling wheh, > T, as it should be (thanks to friction term!)



Ohm's law

ApproximatingVie ' ] k=(eNg) In momentum balance, we obtain theneral-
ized Ohm's law

M e @ J k r + rNeEti r
N, @@t Ne
wherethe self-consistent contribution IS

— SC ne
= E-+ Egs*+ 2“9«

d « 1 d d J«
+ M y— —
dr Bordr dr Bg
where the order-of-magnitude expressions for the transp®cients are

SC _ ,
Ec-= ankt

4 polee. c4 1 LS Lee
127 Ne L e, ep Ne

41 L3" L8 Lee, 1d 4 1 Ls" Leo .
1212 Lne ep 2, Ne rdr 12Lg ep  No

where! 2 =4 e ?°N.=M,, and "is a nondimensional function of order



Transport rates

Compare particle di usion coe cierd Y, (diagonal) thermal di usivity T, hyper-
resistivity " and anomalous resistivity:

D“ T H:B(% an—("= e;p)2
Lei=Ne Lee~Ne (4 =! g)Lee:Ne

Sincer(i)=7(e) / V§.=Vhe ) L ee L i particle diusion is slower
than heat di usion
Because of the small facter! £, where! 2 = 4 e °N=M, is the electron plasma

frequencycurrent di usion is slower than heat transport (H=B3)= 1
4=1 2 1.

Analogously,,n= 1 4=! 2 1sothatanomalous resistivity remains
small (even though thermal conduction is much enhanced by turbele

o= 100 1



SUMMARY AND RESULTS I

We have considered tlaetion-angle generalization of the Balescu-
Lenard collision operator to studyelectron transportin magnetic turbu-
lence

The turbulent calculation required to obtain the magnepectrum has been
avoided by usinthe \pseudo-thermal" spectrum of Mynick & Duvall

We have derived the complete setrahsport equations  (particle, momen-
tum, energy and Ohm's law) for passing electrons

We have found:

(i) Drives proportional to o?=qg; are present in all transport uxes and
sources

(i) Particle and energy pinches \driven" b§=g; depend crucially on  T;=T,,
andon ; Ly=Ly,

(i) (hyper-resistivegurrent di usion slower tharparticle di usion slower than
heat di usion

(iv) Anomalous resistivity very small



FUTURE PLANS I

Carry out similar calculation for trapped particlesalectrostatic turbulence
(TEM)

Improve on the \pseudo-thermal" ansatz. This requires #revation of atur-
bulent version of the generalized BL operatorA possible model is Dupree
turbulent version of the BL operator

{ The BL includes theollective natureof the plasma dynamics and describes
long-range interactions by the electrostatic eld

{ In some cases theitial conditions (the ballistic term) in the propagator
of the correlation can a ect the relaxation, especiallféf initial conditions
deviate greatly from the equilibrium distribution

{ The ballistic e ect is usually analyzed in termsctdmps i.e., clusters of
particles moving together and thus forming a macropantidle a nite life
time (Dupree; Terry, Diamond and Hahm)



- QJ)
iInhomogeneous
electromagnetic
normal modes

in complex geometry

BL

provisionally: pseudo-thermal ansatz

OBL |" " Mynick & bwal, '89) | 9B

action-angle
(Mynick, '88)

"clumps" assumption

. QJ)
inhomogeneous
electromagnetic
turbulence
in complex geometi

A

tBL

&.,p)
homogeneous

electrostatic
~ normal modes
in simple geometry

(Ref: Mynick, APS 1989)

(Dupree, '70)

X.p)
homogeneous
electrostatic
~ turbulence
in simple geometr



Physical interpretation of self-consistent spectrum

quasi-{near resonance

shielding by plasma

oint N
Bource point
2 absorber

A

la> <al [,> <lqla> <all,>
S TNLD
a,|2 Na Da a,| alYa

/

h(1, a)h(2, a)
N a Da

P

coupling coefficient

(Ref: Mynick, APS 1989)



Parallel with standard Balescu-Lenard operator

S o 2 ooty CgEY FRwaf (v
QU - @ pergy QU e 0y
P ok T st G0,
ey = e wemtara gl

QB (vyvy) = 2 (kvi kvi) CBL(k;vy)®

< < < < < < 2
QBLC ;I 2d2) =2 (1 1 "2 2 CBLCL4IL %Il
K)
CBh(k;vy) = (

4 ha(;30)h(C2d2:1)

gBL/~ . . . —
C (1 d1 229214 = N .0)




