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A systematicstudy of turbulent particle and energy transportin both pure and multicomponent
plasmasis presented.In this study, gyrokinetic resultsfrom the GYRO codefJ. CandyandR. E.
Waltz, J. Comput.Phys. 186, 545 s2003dgare supplementedwith thosefrom the GLF23 fR. E.
Waltz, G. M. Staebler,W. Dorlandet al., Phys.Plasmas4, 2482s1997dgtransportmodel,aswell
asfrom quasilineartheory. Variousresultsareobtained.Theproductionof aparticlepinchdrivenby
temperaturegradientssa thermalpinchdis demonstrated,andfurthershownto beweakenedby ®nite
electroncollisionality. Heliumtransportandtheeffectsof heliumdensitygradientandconcentration
in a deuteriumplasmaareexamined.Interestingly, it is foundthat thesimpleD-v sdiffusionversus
convectivevelocityd model of impurity ¯ow is consistentwith resultsobtainedfrom nonlinear
gyrokineticsimulations.Also studiedis the transportin a 50-50deuterium-tritiumplasma,wherea
symmetrybreakingis observedindicating the potential for fuel separationin a burning plasma.
Quasilineartheory together with linear simulations shows that the symmetry breaking which
enhancesthe tritium con®nementariseslargely from ®nite-Larmor-radius effects. To justify the
numericalmethodsusedin thepaper, a variety of linear benchmarksandnonlineargrid re®nement
studiesaredetailed.• 2005AmericanInstituteof Physics. fDOI: 10.1063/1.1848544g

I. INTRODUCTION AND SUMMARY

Historically, gyrokineticsGKdsimulationshavefocused
almostexclusivelyon the energy transportof core ions with
little attentiongiven to the study of plasma¯ow. However,
severalcritical issuessuchasthe existenceof turbulentpar-
ticle pinchesin puresoneion speciesdandimpuresmorethan
oneion speciesdplasmas,or the designandoperationof the
fueling and pumping systemsfor future burning plasmas,
dependstronglyon particledynamics.For example,thepro-
jectedperformanceof the InternationalThermonuclearEx-
perimentalReactorsITERddependsstronglyon the fraction
of accumulatedhelium ashduring long-pulseor steady-state
operation.1 Similarly, the accumulationof impurities sin-
jectedor originatingfrom materialsurfacesdin the coreof a
burning plasmacan result in excessivefuel dilution or core
radiation.

In this paperwe presenta detailedgyrokinetic studyof
ion particle and impurity transport.Full nonlinear gyroki-
neticdynamicsof all ionsandelectrons,trappedandpassing,
is simulatedusing the GYRO code2 in the r * ! 0 ¯ux-tube
slocaldlimit, whereperiodicboundaryconditionsandno pro-
®levariationareimplied.We consideronly electrostatic̄uc-
tuationsrelevantfor low b andcircular geometry. Although
previoussimulationshaveusedthis degreeof realism,par-
ticle transportwas not studiedper se.3±5 Earlier works on
particle dynamics, focused on impurities in a tokamak6,7

where impurity-driven instabilities and their effect on ion
temperaturegradientsITGd modeswere studied.However,
thesestudiesdid not include trappedparticles,the electron
responsewasassumedto beadiabatic,andtherewaslittle or
no discussionof impurity ¯ows.

For the purposesof benchmarkingand validation, we
comparewith linear simulationsfrom both the GS2 code8,9

and a secondlinear gyrokinetic code.7 For nonlinearcom-
parisons we use the reduced gyro¯uid transport model
GLF23.10 We remarkthat the GLF23 model is basedon ®ts
derived solely from linear gyrokinetic and nonlineargyro-
Landau-¯uidsimulationssandmorerecently, GYRO gyroki-
neticsimulationsd. Themethodologyemployedin this report
was to initially ®ndinterestingqualitativecharacteristicsof
thetransportusingGLF23,andsubsequentlyanalyzethemin
moredetail usingthe quantitativerealismof GYRO.

The remainderof this paperis organizedas follows: In
Sec.II, a descriptionof units and conventionsusedby the
codesis presented.SectionIII showslinear benchmarksof
GYRO with otherGK codesandpreviousresultsin impurity
transport.In Sec.IV an introductionto the nonlinearsimu-
lations is presented.This sectionconsistsof four separate
parts. The ®rst part introducesthe simulation parameters
used,followed by a discussionof resolution,codeconver-
gence,and the de®nitionof quasilinearapproximationused
in this work. SectionV studiespureplasmasandlooksat the
effect of temperaturegradients,electroncollisions,andcur-
vature.SectionVI looks at helium ¯ow in deuteriumplas-
mas; in particular, the effects of impurity density gradient
anddilution on particleandenergy transportareconsidered.
This part also includesa critical review of multiple-species
transportmodelscurrently in use.In Sec.VII we focus on
the dynamicsof a 50-50 deuterium-tritiumsD-Td plasma.
Here,we discovera robust¯ow separationeffect which fa-
vors the improvedcon®nementof tritium. In Sec.VIII, an
analytical treatment,basedon quasilineartheory, is usedto
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gain insight into themostinterestingnumericalresultsof the
paper. SectionIX givesa concludingsummary.

II. UNITS AND CONVENTIONS

A. Basic units

Unless otherwisespeci®ed,the following conventions
andunits areemployedthroughoutthis paper. The choiceof
basicunits is summarizedin TableI. Frequenciesandgrowth
ratesare normalizedto cs/a where cs8 Î Te/mi is the ion
soundspeed,a is the plasmaminor radius,andi is the main
ion species.Becausediffusivities havea naturalgyro-Bohm
scaling, we will generally normalize theseto a reference
gyro-Bohmlevel xGB8 r s

2cs/a, wherer s8 cs/V ci is the ion-
soundLarmor radiusandV ci=zieB/mi is the ion cyclotron
frequency. In particular, for nonlinearstudies,to avoid am-
biguity we de®nea referencedeuteriumgyro-Bohmdiffusiv-
ity xGBD for which mi ! mD. In this paper, the symbol s is
themostgeneralspecieslabel for which threegeneralvalues
areallowed: i smain iond, I simpurity iond, ande selectrond.
Speci®cion speciespresentin the simulationswill be de-
notedby their standardchemicalsymbol.

B. Fluxes and diffusivities

In the units describedabove, the particle and energy
¯uxes, Gs and Qs , are related to the particle and energy
diffusivities,Ds andxs , accordingto

Gs = þ Ds
] ns

] r
, Qs = þ nsxs

] Ts

] r
. s1d

Gs andQs arecomputedasthe magnetic¯ux surface,time,
and radial averagesof the primitive ¯uxes computedfrom
the gyrokinetic equations.Converting quantities back to
physicalunits is straightforward;for example,the physical
radiusis a3 r, the physical¯ux is cs3G s , andthe physical
diffusivity is cs3 a3 Ds . Density and temperatureare in
physicalunits.

We mustwarn the readerthat in experimentalwork, the
particlediffusivity is oftenseparatedinto a diffusivepartand
a convectivepart

Gs ! þ Ds
d ] ns

] r
þ nsvin, s2d

whereDs
d is the turbulentdiffusion coef®cientandvin is an

inward convectivevelocity. When inward convectiondomi-
natesdiffusion, there is a net inward ¯ow of particles;we
call this a particle pinch. For the analysiswhich follows, it
will beconvenientto de®neaneffective ion energy diffusiv-
ity andeffective ion ¯ux as

xeff =
nix i + nIx I

ni + nI
, Qeff = þ sni + nIdxeff

] Ti

] r
. s3d

In the previousexpressions,r is a ¯ux-surface label sphysi-
cally, themidplaneminor radiusd. All subsequentdiscussions
andanalysisare restrictedto circular geometryandelectro-
static ¯uctuations. We assumethe usualde®nitionof mag-
netic shears=sr /qdsdq/drd, whereq is the safetyfactor.

C. Gradient scale lengths

The densityand temperaturegradientscalelengthsare
Lns 8 þf] sln nsd/ ] rgþ1 and LTs 8 þf] sln Tsd/ ] rgþ1, respec-
tively. Consequently, a negativedensitygradientmeansthat
particledensityincreaseswith radiussoutwardlypeakedpro-
®led, whereasa positive density gradient implies the usual
inward-peakedpro®le.

For impurity studiesthe charge dilution is de®nedas f I
8 zIsnI /nedwhere,aswe havepreviouslyindicated,the sub-
script I refers to the impurity species.In order to satisfy
plasmaneutralitythefollowing relationbetweendensitygra-
dientsmustbe satis®ed:

1

Lni
=

1/Lneþ f I/LnI

1 þ f I
. s4d

III. LINEAR BENCHMARKS

To validatethegyrokineticimpurity treatmentin GYRO,
we comparedwith independentlinear runsof the GS2code.
At the level of this comparison,GYRO andGS2aresolving
exactly the sameequationsthe gyrokinetic equationd and
should in principle agreeto desiredaccuracy. In order to
make a connectionwith the existing literature, the param-
etersfor thecross-codecomparisonwerebasedon published
work by DongandHorton.7 For this benchmark,hydrogenis
the main ion and fully strippedcarbonszC=6d is the impu-
rity, electronsaretakento beadiabatic,andparticletrapping
is ignored.Although the parameterset employedhere fol-
lows that of Ref. 7, the GYRO and GS2 calculationsare
done at ®nite aspectratio sR=3 and r =0.5d and therefore
includethe dynamicsof trappedions.

First, in Fig. 1sad, we plot thegrowth rateasfunctionof
kur s. Fixed parametersfor this scanwereq=2.5, s=0.5, fC
=zCsnC/ned=0.5, f i =ni /ne=0.5, Lne=0.9, LnC=þ0.45, Lni
=0.225,andLT=0.1125.Figure1sbd, next, showsthe effect
of carbon concentrationfC. Fixed parametersin this case
werekur s=1/Î 2, q=2.5,s=1, Lne=0.9,andLnC=þ0.45with
Lni computedfrom Eq. s4dandh i =Lni /LT=2.

We noteexcellentagreementbetweenGYRO andGS2,
indicatingthatbothcodesarefunctioningcorrectly. We have
veri®edthatthediscrepancyin comparingwith Ref.7 cannot
be fully attributedto ®nite-aspect-ratioeffects,althoughthe
agreementwith respectto growth rate doesimprove some-
what in the limit r /R! 1.

TABLE I. Units andassociatednormalizationsfor resultsin this paper.

Dimension Unit Description

Length a Minor radius

Mass mi Ion mass

Velocity cs Ion soundspeedÎ Te/mi
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IV. NONLINEAR SIMULATIONS, METHODS, AND
MODELS

The methodologyemployedhere was to ®rst ®nd the
qualitativebehaviorof selectedcasesusingGLF23,andsub-
sequentlyget quantitativeresultsusing GYRO. The salient
point is that for the casesconsideredin this paper, a single
GLF23 run takeslessthan a secondon a desktopworksta-
tion, whereasGYRO takesabout5 h using32 MSPson the
Cray X1. As mentionedin the Introduction,full gyrokinetic
dynamicsof all ion and electronspeciesis included in the
GYRO simulations.For most of the casesconsidered,the
GYRO-GLF23agreementis quitegood,althoughin a minor-
ity of caseswe havebeenableto ®ndnotablediscrepancies.
Thescansin this paperweregeneratedby varying four sepa-
rateparameters:the impurity densitygradient1/LnI, the im-
purity dilution f I, the ion andelectrontemperaturegradients
1/LT ssimultaneouslyd, and the electron-ion collision fre-
quencyne. Plasmaneutrality, which is re¯ectedby theequal-
ity in Eq. s4d, is alwaysenforced.

A. Choice of equilibrium parameters

All nonlinearresultsusetheStandard Caseparameters10

sfor which GLF23 hasbeencalibrateddasa referencepoint.
Theseare 1/LTe=1/LTi=3, 1/Lne=1/Lni=1, R=3, r =0.5, s
=1, q=2, Te=Ti, a =0, be=0, nei=0, and kur s=0.3. Deute-
rium is takenas the main ion species.In addition, we use
kinetic electronssmi /me. 3600d andsimpli®eds-a circular
geometry. All departuresfrom this setof parameterswill be
explicitly indicated.Our motivation for using theseparam-
eters is twofold: s1d they are roughly typical of a central

location in the tokamakwherethe gyrokineticequationsare
believedto provide an accuratedescriptionof the plasma,
ands2dvariouspreviousstudieshavebeendoneusingthem.

B. Code resolution

For the casesconsideredherein,we are interestedin lo-
cal studiesonly and thus run GYRO in the ¯ux-tube limit.
Our normal coderesolutionusesa 128-pointvelocity-space
grid seight energies, eight pitch angles,and two signs of
velocitydandten poloidal sorbitdgrid pointsper sign of ve-
locity. Experiencegained over three years of GYRO use,
after hundredsof simulations,indicatesthat ITG modesare
in fact very well resolvedat this velocity-spaceresolution
evenfor non adiabaticelectrons.Adequateresolutionof the
perpendiculardirections sx,yd! sr ,wd tends to be more
problematicand needsto be scrutinizedfor eachparameter
set.Sincewe are restrictingattentionto ¯ux tubes,we con-
tent ourselveswith an sLx,Lyd=s128,128d box, nr =140 ra-
dial grid points sso that Dr / r s=0.91d, and nn=16 complex
toroidal modes.With thesechoices,we resolveup to kur s
=0.75.

C. Convergence and adequacy of grid

Unpublishedresults by Hallatschekand Dorland11 ap-
pearto suggestthat simulationsrelevantto particletransport
needto resolvevery small radial and poloidal scales.The
possibilityof this effect motivateda perpendicularresolution
study. For this we performedtwo runs using the resolution
de®nedin the precedingsection,but in a smaller sLx,Lyd
=s64,64d box. The ®rst used the sameperpendiculargrid
size: kur sø 0.75 and Dr / r s=0.91 sachievedby setting nn
=8 andnr =70d. Thesecondusedtwice theresolutionin each
dimension:kur sø 1.5 and Dr / r s=0.46 sobtainedby taking
nn=16 and nr =140d. The results of these two small-box
casesare comparedwith our baselinesLx,Lyd=s128,128d
case,assummarizedin TableII. Two conclusionsarereadily
apparent.First, the smallerboxesslightly underestimatethe
transportmagnitudein all channels.Indeed,Fig. 2 shows
that the large box sdashedcurved is large enoughto resolve
the peakin the transportspectrumat kur s, 0.1, whereasthe
smallbox ssolid curveddoesnot resolvethis peakandunder-
estimatesthe transportby roughly 21%.Second,working at
®nergrid resolutionsS/F versusS/C in TableIIdreducesthe
outwardparticleandenergy ¯ows slightly. This may be due
to a reductionof effective numericalsupwindd diffusion in
the radial direction.The overall effect is insigni®cant.Note
that Fig. 2 alsoshowsthat while the linear growth ratesdot-
ted curved in the trappedelectronmode sTEMd regime is
muchhigherthanin the ITG regime,the actualTEM-driven
transportis very small.

D. Quasilinear estimates

As an aid in understandingcertain fully nonlinear re-
sults, we sometimesuse a simple type of quasilinear ap-
proximation.This is nothing more than evaluatingthe non-
linear ¯uxes using the complex linear eigenmodesand
eigenfrequenciesat a selectedkur s. Speci®cally, the particle

FIG. 1. Adiabaticelectroncomparisonof growth ratesfor theGYROssolid
linedandGS2sblackdotdcodes.Also shownarepublishedresultsby Dong
sRef. 7d sdottedlinedwhich neglecttrapping.Plot sadshowsthegrowth rate
as functionsof kur s. Plot sbd showsthe effect of carbonconcentration,fC

8 zCnC/ne, for kur s=1/Î 2 and s=1. All other parametersare the samein
both plots.AgreementbetweenGYRO andGS2is extremelygood.
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¯ow is the product of the density perturbationnÄand the
perturbationof of the E3 B velocity svÄE3 Bd such that G
=nÄvÄE3 B. The quasilinear approximation takes nÄk=Fsv kd
3 svÄE3 Bdk for eachmodek with F a complexlinear function
givenby thelinearresponseof thedensityperturbationto the
potentialperturbationat the complexlinear modefrequency
v =v R+ig.

V. PARTICLE TRANSPORT IN A PURE PLASMA

Beforetreatingmultiple ion species,we considerparticle
transportin a pure plasma.In particular, we would like to
know when anomalouspinchess̄ ow againstdensitygradi-
entsdoccur. This problemhasperhapsbeenoneof the most
studiedin particle transport,both theoreticallyand experi-
mentally; in fact, such a pinch is necessaryto explain ob-
servedequilibrium densitypro®lesin thecoreof a tokamak,
wheretheparticlesourceis almostnegligibleandtheplasma
¯ow is virtually zero. Coppi and Spight12 were the ®rst to
elaborateon a pinch theory, although their detailed argu-
mentsare more suitablefor the edgeof the plasma.Their
proposedmechanismfor inward ¯ow is the so called ion-
mixing mode, which includesthe effect of ITG modeturbu-
lenceon the nonadiabaticelectronresponse.It was argued
that kinetic electronsdeterminethe particletransportof ions
andelectronssbecausetransportis ambipolard. The analysis
ignored toroidal and sheareffects, and assumedthe colli-
sionaldrift wavesCDWdlimit. Becauseof this last assump-
tion, only the circulatingelectronscontributeto the pinchÐ

speci®cally, a thermalpinch salsocalledthermodiffusion, as
will be discussedshortlydsincethe inward ¯ow component
of the total transportis proportionalto the temperaturegra-
dient, 1/LTe. The key insight of Coppi and Spight was to
observethatat thenull ¯ow point wherethedensitygradient
outwarddrive is balancedby the inward temperaturegradi-
ent drive, the CDW modeswhich rotatesin the electrondi-
rectiondwould bestable.Thus,anunstableion-directionITG
modeis the requiredsourceof the turbulence.If the density
peakstoo muchÐdriving h i belowthresholdÐtheITG mode
will alsobe stabilized.

Subsequentworks13,14 attemptedto generalizethis para-
digm to the more collisionless regime appropriateto the
core.The detailsof the Coppi±Spighttheory actually apply
only to thehighly collisionaledgewherethefueling supplies
the ¯ow and a pinch is usually not needed.Reference13
consideredthe dissipativeslow collisionalityd regimewhere
thetrappedelectronmodeis excitedandthereforecanplay a
signi®cantrole. This study usedsheared-slabgeometryin-
cluding an ad hoc division of electronvelocity spaceinto
trappedand circulating regions. It was found that for the
dissipativetrappedelectronmodesDTEMdthe particle ¯ow
is outward. An improvementover this work14 considered
lower collisionality andshowedthat the trappedelectronre-
sponsecanhavea thermalpinch in the collisionlesstrapped
electronmodesCTEMd regime.The major differencewith
previousworks was that curvaturewas included,which al-
lows a ®nitegrowth ratein thecollisionlesslimit. It is worth
mentioning that all the previous theoriesused quasilinear
approximationsto estimatethe particle ¯ow. More impor-
tantly, all of the acronymsused here sCDW, DTEM, and
CTEMdin reality refer to theelectron-directiondrift wavein
differentcollisionality regimes.In all casesthe ion-direction
ITG modeis requiredto drive the turbulenceat thenull ¯ow
point.

More recently, a new approachemerged where pinch
effectsarenot directly associatedwith densityor temperature
gradientsbut involve magnetic®eldcurvaturewhich canin-
duce a pinch as the result of subtle functional
constraints.15±18Using a 3D ¯uid modelof ITG/TEM turbu-
lence,Garbetet al.19 wereableto con®rmtheexistenceof a
curvature-driftpinch in additionto the usualthermalpinch.

A. Characteristics of a thermal pinch

Figure 3sad showsthe variation of the normalizedion
thermalandparticle diffusivities, x i andDi, versusthe nor-

TABLE II. Resultsfor box-sizeand perpendicular-grid-sizeconvergencestudy. In the ªsimulationº column,
L=large box, S=small box; C=coarsegrid, andF=fine grid. The L/C simulationis the baseStandardCase.
The L/C-to-S/C comparisondemonstratesthat a small 643 64 box slightly underestimatesthe transport.This
resultis well knownto us from previousstudies.TheS/C-to-S/F comparisonindicatesthatthecoarsegrid only
slightly overestimatesoutwardtransportsprobablyaconsequenceof largerupwinddissipationin thecoarse-grid
casedbut capturesthe essentialphysics.

Simulation x i xe Di Dr / r s skur sdmax sLx,Lyd

L/C 11.82 3.48 þ1.93 0.91 0.75 s128,128d

S/C 9.33 2.76 þ1.52 0.91 0.75 s64,64d

S/F 9.07 2.53 þ1.62 0.46 1.5 s64,64d

FIG. 2. Effect of high kur s on particle¯ow at two dif ferentresolutions:S/F
andL/C sseeTable IId. Althoughfor a TEM-dominatedregimethe growth
ratesarevery high, the particle transportis closeto zero.
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malized temperaturegradient for GLF23 and GYRO. In
thesesimulationsLTe=LTi. Figure3sbdshowsthe analogous
plots for the electrondynamics.Both codesshowa thermal
pinchat suf®cientlyhigh he. However, GLF23doesnot have
an accuratethresholdand the electron energy ¯ow is too
high.

B. Effect of electron collisions on a thermal pinch

It has been shown recently thatÐin the context of
GLF23 transportmodelingÐelectroncollisions are needed
to accuratelyreproducethe reductionof the anomalouspar-
ticle pinch in ASDEX-U.20 Looking again at the Standard
Casein the collisionlesslimit, we observea robustparticle
pinch sseeFig. 3 at Lne/LTe=3d. However, Fig. 4 showsthat
this pinch is rapidly convertedto outward particle ¯ow as
electroncollisionsare increasedfrom zero.For highercolli-
sionality, the trappedions ¯ow outward while the passing
ions ¯ow inward. This is quite in contrastto the relative
behavior of the passingand trappedelectron populations.
Becausethe passingelectronsare snearlyd adiabaticÐand
thus in phasewith the potentialÐthey suffer little transport.
Therefore,to maintain charge neutrality, the trappedelec-
tronsmustcompensateandnearlybalancethe total ion par-
ticle ¯ow. However, it is incorrectto concludethat thepinch
disappearsfor highercollisionality. Thepinchthresholdsim-
ply movesto a higherhe whencollisionality is included.

VI. HELIUM TRANSPORT IN DEUTERIUM PLASMAS

A. Density gradient effects

We next consider the effect of density gradient scale
lengthLnHe on theparticletransportfor bothion species.It is
of interestto determinewhena turbulentpinch due to den-
sity gradientis created.In this section,the particlediffusivi-
ties DHe andDi arenormalizedto the effective energy diffu-
sivity xeff given by Eq. s3d, whereas1/LnHe wasnormalized
to 1/Lne. First, Fig. 5sadshowsthe effect of helium density
gradientsincluding negative,or inverted,gradientsd on the
D/x ratio asestimatedby theGLF23code.Resultsaregiven
for two impurity concentrations:fHe=0.1 and fHe=0.3. Fig-
ure 5sbd showsthe GYRO simulations.The resultsare in
very good qualitative agreement,showing that for suf®-
ciently weak, positive helium gradient, a helium pinch is
created.Figure 6 showsanalogousplots for the main ions.
For positive gradients,we seea robust inward ¯ow of the
main ions.This pinch featureof the StandardCasehasbeen
alreadynotedin the precedingsectionfor the caseof a pure
plasma.For LnHe/Lne, 0 shelium peakedoutsidedthe deute-
rium ¯ow is outwardand the helium ¯ow is inward s1/Lne
=1 and 1/LnD remainspositive in theserunsd.

It is instructiveto seein more detail how the valueDs
computedby GYRO is relatedto the diffusive and convec-
tive contributionsto the transport.Eqs.s1dands2dimply

DHe = DHe
d þ vinLnHe. s5d

If the DHe-LnHe relationshipis assumedto be linearsin other
words,DHe

d andvin are independentof LnHed, then from Eq.
s5d it follows that DHe

d is given by the vertical interceptin
Fig. 7, whereasthe convectivevelocity vin is given by the
slope.From this we canestimatean inward velocity of 12.4
and11.6sunitsof csdfor fHe=0.1and0.3,respectively, anda
turbulent diffusion coef®cientDHe

d /xGBD=17 for both dilu-

FIG. 3. LTe scansat ®xedLne, with LTe=LTid. Plot sadcomparesthetotal ion
particle sdotted lined and thermal ssolid linesd diffusivity from GYRO
scirclesdto that from GLF23 ssquaresd. In plot sbd, a similar comparisonis
presentedfor the electrondiffusivities.

FIG. 4. Ion particle ¯ow sad and electronparticle ¯ow sbd separatedinto
trappedandpassingfractions.The ¯ ows arenormalizedto x ie8 sx i +xed/2.
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tions.Fromthis it seemsthatonly convectiveprocesseshave
a dependenceon impurity concentration,albeit a very weak
one scomparesolid and dashedlines in Fig. 7d. Zero ¯ux
sDHe=0d necessarilyimplies a balancebetweenconvective
anddiffusive terms.

B. Dilution effects

The purposeof this sectionis to studythe mechanicsof
smain ionddilution andhow all ion channelsareaffectedby
it. Two fundamentalissuesarediscussedhere:the®rstis the
effect of fHe on particle transport;the secondis the validity
of conceivableapproximationsto multiple-speciestransport,
suchasthe dilution modelandthe lumped-massapproxima-
tion. Neitherof thesediscussthe transportof impuritiesand
are intendedonly to describethe effect on energy transport.
Here the dilution model is takento meanthat impuritiesdo
not respondto thepotentialandareassumedto haveno ¯ow.
Equilibrium charge neutrality is maintained,so that the only
effect of increasingfHe is the dilution of the main ions.The
impurity ion gradiententersonly via Eq. s4d. The lumped-
massapproximation,on the other hand,createsa ®ctitious
species6 with atomicmassM de®nedby

M = s1 þ f Idmi + f ImI . s6d

For example,this would give rise,in a 50-50D-T mixture,to
the notion of a DT ion with an effective massof M =2.5mH.
If the impurity hasa differentchargestatethanthemain ion,
onemight also introducean effective charge

Z = s1 þ f Idzi + f IzI . s7d

In this approximation,thelumpedion speciesis assumed
to have the samepro®leas the backgroundions. For this
study we have consideredtwo qualitatively different plas-
mas:one in which impurities are inwardly peakeds1/LnHe
. 0d, suchashelium ashborn at the core,and the opposite
casefor which the impuritiesareoutwardlypeakeds1/LnHe
, 0d, suchasincomingedgeparticles.For the lumped-mass
approximationthereis no distinction.

1. Inward impurity peaking

For positive 1/LnHe thereis little variation in the trans-
port of heliumfsolid curvesin Fig. 8sadgas fHe is increased,
whereasbetter deuterium con®nementis predicted fsolid

FIG. 6. SameasFig. 5, exceptshowingthemain ion ¯ow Di /x i ratherthan
the impurity ¯ow DHe/x i. As before,plot sad showsGLF23 resultswhile
plot sbd showsGYRO resultssboth at ®xedLne=1d. Accordingto Eq. s4d,
1/Lni . 0 in thesescans.

FIG. 7. Helium diffusivity DHe vs LnHe scansat ®xedLne=1dfor two dif fer-
entimpurity concentrations:fHe=0.1ssolid linedand0.3sdashedlined, using
GYRO.ThediffusivetermDs

d is givenby thevertical interceptof thegraph
whereasthe convectivevelocity vin is given by its slope.The dotted line
showsthe resultsfor adiabaticelectronsat fHe=0.1.

FIG. 5. Normalizedimpurity ¯ow DHe vs LnHe scansat ®xedLne=1dfor two
different impurity concentrations:fHe=0.1 and 0.3. Quadrant1 refers to
outward¯ow and a peakedpro®le,2 to inward¯ow andpeakedpro®le,3 to
outward¯ow and hollow pro®le,and4 to inward ¯ow andhollow pro®le.
Plot sadshowsGLF23 resultswhile plot sbdshowsGYRO results.
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curves in Fig. 8sbdg. This result agreeswith experimental
trendsobservedrecentlyin DIII-D, andpreviouslyin several
othermachinessRef. 21, andreferencesthereind. This corre-
sponds to the so-called radiative impurity sRId mode in
which a controlled amountof impurities tendsto improve
con®nement.For thecaseof energy transport,a similar trend
is observedin Fig. 8scd ssolid lined. The agreementbetween
GYRO andGLF23is impressive.NotethatHe is ¯owing out
andD is ¯owing inward, andthe electronsarepinched.

Oneof thekey factorsin a fusionplasmais theef®cient
removal of helium ash.Although this problem is global in
nature,sinceashis generatedat the coreandpumpedout at
the edge,we can use some of our results to addressthis
problem.The most critical quantity in this problem is the
ratio betweenthe helium ashremoval time and the energy
con®nementtime r 8 t He/ t E, with a permissibleoperational
value of r ø 7±15.22 This con®nementtime ratio is usually
determinedby the x /D ratio. By looking againat Fig. 8 we
canestimatea ratio x /D< 2.5±3 for GYRO andx /D< 1.7
for GLF23. Both estimatesare essentiallyindependentof
dilution and give a reasonableestimatefor our particular
radial location.In reality, a detailedanswerto theproblemof
helium ashremovalwill requirea global simulation,follow-

ing the dynamicsfrom core to edge.Our resultshereshow
that GLF23 could be well suitedfor suchan ef®cientglobal
studyof this problem.

2. Outward impurity peaking

For negative1/LnHe ssame®guresdwe discovera some-
what moreinterestingresult:while the helium impurity ions
experiencea slightly improved con®nementwith increased
fHe sthis improvementis overestimatedby GLF23d, the bulk
deuteriumions experiencea degradationof con®nement.In
particular, at the critical value fHe. 0.07 the deuteriumgoes
from beingpinchedto ¯owing toward the plasmaedge,but
helium is ¯owing inward while the electrons are still
pinched.This behaviorhas beenpreviously noted; that is,
whenevertwo ion speciespeakin differentradialregions,the
plasmais moreunstable.23 The physicalmechanismsbehind
this phenomenonwill be discussedin Sec.VIII. We remark
thatGLF23capturesthis behaviorquiteaccurately. A similar
pictureis observedfor the energy con®nement.For this par-
ticular regime,theagreementwith GYRO is very goodup to
fHe. 0.1 andfairly goodbeyond,exceptfor thexeff calcula-
tion when1/LnHe=þ1.

3. The dilution model

Figure 9 looks at the variation of energy transportwith
dilution as obtainedfrom both GYRO and GLF23. For the
caseof a negativeimpurity densitygradient,asseenin Fig.
9sad, the dilution modelappliedto GYRO is in poor agree-
mentwith the fully kinetic modelof impurities.In theoppo-
site case,shownin Fig. 9sbd, fair agreementis obtainedfor
small valuesof dilution sfHe, 0.05d, althoughfor larger val-
ues a dramatic loss of accuracyis observed.Thus, when
using GYRO, one shouldeither treat impurities kinetically,
or ignore them altogether. This is particularly true for the
caseof positive 1/LnHe where impurities havea very weak
effect on xeff /xGBD si.e., smalldifferenceswhencomparedto
the pure plasmacased in the range0.05±0.20.Figure 9scd
shows the equivalentresults for GLF23. Surprisingly, we
®ndthatthedilution modelgivesriseto a resultthat is closer
to the full dynamicsthan the pure plasmalimit. This is ap-
parentlythe result of the assumptionin GLF23 of a similar
ITG-typetrial function for all valuesof fHe. In GYRO, how-
ever, no such assumption is made, and a nonphysical
electron-directionmodeis found when fHeù 0.2. This is the
causeof the rapid accuracy loss of the GYRO dilution
model.SeparateGLF23 studiesshow the dilution model to
behavesimilarly for deuterium-carbonplasmasÐalthough
with slightly lower accuracythanfor deuterium-heliumplas-
mas.

4. The lumped-mass approximation

Our studywith this modelwas lessexhaustivethan for
the dilution model.Only onecasewasconsideredsfHe=0.3,
as shownby a triangle in Fig. 9d, giving a DHe ªatomº of
massM =2.6andchargeZ=1.3.This approximationis better
than the dilution model, as would be expectedfor larger
impurity fractions. Importantly, neither model can capture

FIG. 8. Particleand heat ¯ow, Di, DHe, and xeff as functionsof impurity
fraction fHe. Here,two differentimpurity densitygradients,1/LnHe=   1, are
considered.Plot sad comparesDHe resultsfor GLF23 and GYRO, plot sbd
comparesDi results,and plot scd compareseffective heatdiffusivity fnor-
malizedto xeffs0dÐthe code-speci®cvalueat fHe=0g.
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the energy con®nementdegradationfor 1/LnHe, 0. Once
again, it seemsmore sensibleto approximatean impure
plasmawith its purecounterpart.

VII. PARTICLE TRANSPORT IN D-T PLASMAS

It is of interestto determinethe particleandenergy ¯ux
asymmetryin the caseof a mixed deuterium-tritiumplasma,

but before discussingsuch a problem it is useful to make
some commentsabout intrinsic massscaling. For ions of
arbitrarymassmi, theintrinsic massscalingof frequencyand
diffusivity canbe deduced:

frequency�
cs

a
~

1

mi
1/2, diffusivity � xGB ~ mi

1/2. s8d

Strictly speaking,thesescalingswill be exactly obtainedin
the ¯ux-tube slocald limit, suchthat the thereis a single ion
species, and the electron mass is removed from the
problemÐasin theadiabaticelectronmodel.This meansthat
if one simulatesa pure-D plasmawith adiabaticelectrons
andobtainsxD=CxGBD, thenthetransportin otherpureplas-
mas can be obtained by scaling arguments alone: x
=Î A/2CxGBD, where A is the isotopeatomic mass.Finite
electronmass,as treatedin this paper, will give rise to a
relatively small breakingof thesescalingrules through the
nonadiabaticpart of theelectronresponse.This effect is evi-
dent from Table III, wherewe havesummarizedthe results
from a sequenceof nonlinearGYRO simulations.Looking at
thepureD, DT s®ctitiousspeciesd, andT energy diffusivities
x, we seethat theratioss1, 1.08,1.21ddeviatelittle from the
expectedÎ A/2 ratioss1, 1.11, 1.22d.

The full nonlinearrunswith kinetic electrons,asshown
in Fig. 10, uncover two curious and potentially important
results.First, in Fig. 10sad, we seethat thedeuteriumenergy
diffusivity in the D-T simulation is actually enhanced
slightly from that in the pure-plasmasimulation.Second,in
Fig. 10sbd, we seethat the tritium ions are more strongly
pinchedthaneitherthedeuteriumions in theD-T simulation
or the deuteriumions in the pure-Dsimulations.We empha-
sizethat for the D-T simulation,tritium is consideredasthe
impurity, and so the normalization is with respect to
xGBDÐthe gyro-Bohm diffusivity of deuterium.Although
thedifferencesin x in Fig. 10sadaresmallandat the limit of
signi®cance,we haveveri®edthattrendsarepreservedasthe
simulationresolutionis changed.

An important potential implication of the strongertri-
tium pinch is that the resultingoffset in particle¯ow for the
two componentsimply that an initial 50-50D-T mix in the
plasmacorewill movetowarda relatively higherfraction of
tritium. The physicalmechanismfor this effect will be dis-
cussedin thefollowing section.A curiosityof theseresultsis
apparentin the tritium energy transport,xT /xGBD=11.73,in

FIG. 9. fHe scansfor 1/LnHe=   1, comparingthe dilution model with full
kinetic dynamics,for bothGYRO andGLF23.Plot sadshowsGYRO runsat
1/LnHe=þ1 while plot sbdshowsGYRO runsat 1/LnHe=1. In both casesthe
lumped-massapproximationis includedstriangleat fHe=0.3d. Plot scdshows
the equivalentGLF23 calculationsfor 1/LnHe=   1 for both full dynamics
andthe dilution model.

TABLE III. Summaryof deuterium-tritiumplasmastudy. All quantitiesalreadynormalizedto xGBD sdeuterium
gyro-Bohmdiffusivityd. The D simulation is the baseStandardCase.The collisional D+T simulationhasa
relatively small collision frequency:ne=0.01.Note that the identicalvalue11.73in two separatecasesis not a
typo.

Simulation xD xDT xT DD DDT DT

D 11.82 ¯ ¯ þ1.93 ¯ ¯

Hybrid DT ¯ 12.84 ¯ ¯ þ2.19 ¯

T ¯ ¯ 14.40 ¯ ¯ þ2.49

D+T 12.65 ¯ 11.73 þ1.55 ¯ þ2.75

Collisional D+T 12.47 ¯ 11.73 0.846 ¯ 0.128

AdiabaticD+T 4.023 ¯ 3.585 0.202 ¯ þ0.202
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a 50-50plasma.This is abouta 20%decreasefrom xT /xGBD
asmeasuredin a puretritium simulation.However, thereis a
counterbalancingincreasesalthoughsmallerin magnitudedin
xD /xGBD from thatmeasuredin a puredeuteriumsimulation.

The addition of electron-ioncollisions to the problem
reducesthe overall particle pinch strengthbut preservesthe
deuterium-tritiumasymmetry. This is illustrated in Fig. 11,
wherea scanoverhe=Lne/LTe showsthatcollisionsshift the
point of zeroparticle ¯ow sthe pinch nulld to higherhe.

VIII. ANALYSIS

Although a theoreticalanalysisusing the full nonlinear
GK equationis evidently impossible,we believethat linear
andquasilinearanalysescanshedsomelight on thephenom-

ena describedin precedingsections.In particular, we are
interestedin understandingthe helium pinch formation, the
effect of impurity density gradientand dilution on energy
con®nementxeff, andthe asymmetric̄ ow of deuteriumand
tritium in a 50-50mixture.

A. General theory

For all the calculationswe begin from the linear GK
equation.As alwaysthe unit of length is takento be a, the
unit of time is a/cs andthe unit of velocity is cs.

ms
vi

qR

] gs

] u
+ sv + v dsdgs

= nsszsv + v *sdJ0Sbv'

zsms
Df FM . s9d

In Eq. s9d, gs is the nonadiabaticpart of the perturbedgyro-
centerdistribution function, ns is the ion density, f is the
normalizedelectrostaticpotentialsf 8 ef p/Te, where f p is
the physicalpotentiald, ms 8 Î m1/ms is the mass-ratiorela-
tive to the main ion, and b8 kur s

Î 1+s2u2 is the ®nite-
Larmor-ratio sFLRdparameter. Thevelocity-dependentdrifts
are

v *s 8 kur sF1

Lns
+Sv'

2 + vi
2 þ 3

2
D1

LT
G, s10d

v ds 8
2kur s

zsR
Sv'

2

4
+

vi
2

2
Dscosu + su sinud. s11d

Using the conventionalid model for electrons,the Poisson
si.e., quasineutralitydequationfor two ion speciesis

s1 þ iddnef = o
s=1,2

zsFzs fs +Ed3vJ0Sbv'

zsms
DgsGs12d

8 o
s=1,2

Rssv dnef . s13d

Above, fs 8 zsns /ne is the charge factor suchthat f1+ f2=1.
Also, we have introduceda dimensionlesslinear response
function for the ions Rs . Note that the id model assumes
electronswhich areprimarily adiabaticwith an added,weak
nonadiabaticcorrectiond to induce electron particle ¯ow.
Speci®cally, ®nited. 0 generatesan outwardelectron¯ow
and tend to destabilizeelectrondirecteddrift waves.In the
oppositecase,d, 0 generatesan inward ¯ow that tend to
stabilizeelectrondirecteddrift waves.The quasilinearpar-
ticle ¯uxes at a given kur s arewritten asfunctionsof theRs
accordingto

Gs = Refikur suf u2Rssv dneg. s14d

In the quasilinearapproximation,we takev to be the com-
plex linear mode frequency which is the solution of the
eigenmodeequationresultingfrom Eq. s13d. Therearevari-
ousapproximatemethodsfor solutionof thelinearGK equa-
tions.For ions, the analysisis greatlysimpli®edby ignoring
particletrapping.This approximation,which is equivalentto
working in the limit r /R! 0, is acceptablefor realistic pa-

FIG. 10. Comparisonof D-T transportcoef®cientswith thosefrom a pure-D
plasmassolid curvesd. In thetwo-componentDT simulation,we obtainsepa-
rate transportcoef®cientsfor deuteriumsdottedcurvedand tritium sdashed
curved. Plot sad comparesx while plot sbd comparesD. Recall that the
normalizationxGBD is computedwith respectto puredeuterium.

FIG. 11. Comparisonof collisionlessand collisional DT simulationsfor
differentvaluesof 1/LTe. As usualthedensitygradientis ®xedsLne=1dand
the electronandion temperaturegradientsareequalsLTe=LTDd.
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rametersand doesnot signi®cantlyalter the effects we are
studying.We also ignore the paralleldynamicsskics/v ! 0d
entirelywhile exactlyretainingthecurvaturedrift resonance.
This limit has beenexaminedpreviously for the caseof a
pureplasma24,25andwill be justi®edin a subsequentsection.
Underthe indicatedassumptions,the responsefunctionscan
be written as

Rs = þ zs fs +
fs

Î 2p
E

þ`

`

dvieþvi
2/2E

0

`

v' dv' eþv'
2 /2

3 J0
2Skur sv'

zsms
Dzsv + v *s

v + v ds
. s15d

In Eq. s15d, u-dependentfunctions such as v ds have been
evaluatedat u=0. In terms of the responsefunctions, the
eigenvalueequationbecomes

þ s1 + idd+ R1sv d+ R2sv d= 0. s16d

The double integralsin Eq. s15d are straightforwardto
evaluatenumerically, andtheeigenvalueproblemde®nedby
Eq. s16d can be thus solvedby applicationof a root ®nder.
The integral form of the dispersionrelation is in fact a very
goodlinear ITG model.To obtaina purely analyticsolution,
we can expand the integrand in Eq. s15d through orders
Oskur sd, Osv d/v d, Osv d/v 3 kur sd to yield the response
functions

Rs = fsHv *ns

v
þ

v d

v
S1 +

v * ps

zsv
Dþ

skur sd
2

ms
2 FS1 +

v * ps

v
D

þ
3

2

v d

v
S1 +

v * ps + v *T

zsv
DGJ, s17d

where v *ns =kur s/Lns , v *T=kur s/LT, v * ps =v *ns +v *T, and
v d=kur ss2/Rd. Note that v d, as de®nedhere,hasno species
dependence.Despitetheseemingcomplexityof theresponse
functions,the resultingeigenvalueequationis a simplequa-
dratic in v . We refer to Eq. s17das the nonresonantexpan-
sionbecauseit neglectsthephysicaleffectsof thedrift reso-
nance.

Finally, by writing v =v R+ig and using Eqs. s14d and
s17d, the explicit form of the quasilinearparticle ¯uxes at a
given kur s is given by

Gs = kur suf u2ne
gfs

uv u2Hv *ns þ v dS1 +
2v Rv * ps

zsuv u2
Dþ

skur sd
2

ms
2

3 Fv * ps þ
3

2
v dS1 +

2v Rsv * ps + v *Td

zsuv u2
DGJ. s18d

B. Helium pinch formation

We focuson the case1/LnHe. 0, which is the morerel-
evantfor helium ashtransport.In the limit of small helium
fraction, it is simpleto computethehelium¯ow in the long-
wavelengthlimit. We arespeci®callyinterestedin computing
thenull point of helium¯ow, andsoareinterestedin thezero
of

GHe ~ þ Im RHe , þ fHe ImSv *nHe þ v d

v
þ

v dv * pHe

2v 2 D
+ Oskur sd

2. s19d

We will work in the limit of smalld, fHe, andkur s. To deter-
mine the eigenmodefrequencyit is suf®cientlyaccurateto
solve

þ s1 þ idd+
v *nD þ v d

v
þ

v * pDv d

v 2 = 0. s20d

This expressioncan be use to write Ims1/v 2d in terms of
Ims1/v d, yielding a simpleequationfor the ¯ow null

þ Im RHe = fHeFsv *nHe þ v ddþ
v * pHe

2v * pD
sv *nD þ v ddGg

uv u2

+ fHe
d
2

v * pHe

v * pD
= 0, s21d

whereg/uv u2, 1 /sv * pDv dd1/2. For theStandardCaseparam-
eters, Eq. s21d predicts that the ¯ow null will occur at
LnHe/Lne=0.84 sthe zero of the term in squarebracketsd in
the adiabaticelectron limit sd=0d. To make a comparison
with GYRO results,it is useful to perform simulationsboth
with andwithout adiabaticelectrons.This elucidatesthepar-
ticular effect thatelectrondynamicshason theheliumtrans-
port, as can be seenin Fig. 7. For kinetic electronssand
fHe=0.1d the GYRO ¯ow null occurs at LnHe/Lne=1.4,
whereasfor adiabaticelectronsit occursatLnHe/Lne=2.0.To
understandthesourceof thediscrepancybetweentheGYRO
and analytic values,we solvedEqs. s15d and s16d numeri-
cally. Thesemore accurateequationspredict that the ¯ow
null is locatedatLnHe/Lne=2.22in very goodagreementwith
the adiabaticelectronsimulations.This lead us to conclude
that the discrepancy between the simulation value,
LnHe/Lne=2.0, andour analyticalprediction,LnHe/Lne=0.84,
is dueto the omissionof curvaturedrift resonanceeffectsin
Eq. s17d. Nevertheless,from Eq. s21d, we can still under-
stand the pinch mechanismfor which toroidal curvature
playsthe main role. The termsv *nHeþv ddin Eq. s21drepre-
sents the interplay of curvatureand helium drift physics,
with curvaturedriving thepinch.Thesecondtermis theback
reaction of the analogous curvature-induceddeuterium
pinch. That is, as more deuterium¯ows inwards,somehe-
lium must ¯ow out to compensatein order to maintainam-
bipolarity. Finally, we remark that the nonresonanttheory
also predictsa helium pinch for LnHe/Lne. 0.84, and out-
ward ¯ow for LnHe/Lne, 0.84,in qualitativeagreementwith
both kinetic andadiabaticelectronssimulations.

C. Density gradient and dilution effects on energy
con®nement

Thepurposeof this analysisis to understandtheeffect of
1/LnHe and fHe on xeff. Scansover a rangeof fHe for two
valuesof 1/LnHe arereproducedin Fig. 9. Fromthis ®gure,a
puzzle emerges: why do inwardly peaked impurities
s1/LnHe=1d tend to stabilize the plasmawhile the opposite
effect is found for outwardly peaked impurities s1/LnHe
=þ1d? After all, as seenfrom Eq. s4d, an increasein fHe
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decreasesLni and consequentlyh i when 1/LT is kept ®xed.
Therefore,basedon ITG physicsalone,increasingfHe should
stabilize the plasmain contradictionwith our nonlinearre-
sults.

In the context of numericalsimulations,this issuehas
been consideredpreviously7 where a strong coupling be-
tweenthe ITG andimpurities is found to be responsiblefor
this behavior, althoughno detailsof this coupling is given.
To properlydiagnosethe situation,in what follows, we will
compareresultsfrom a simple linear eigenvalueequationto
GYRO linearcalculations.Usingthenonresonantexpansion,
Eq. s17d, we solveEq. s16dto ®ndgrowth rates

g  =Î gpure
2 þ

fHev d

2
sv *T   uv *nHeud, s22d

where

gpure
2 =

4v dsv *ne+ v *Tdþ sv *neþ v dd
2

4
s23d

is the growth ratewhen fHe=0. Here,v *ne=kur ss1/Lnedand
v d=kur ss2/Rd. In g  the plus sign refers to the 1/LnHe. 0
casewhile the minus sign refers to 1/LnHe, 0. As before
Oskur sd2 correctionsare neglected.The last formulasimply
thatgþ . g+ for a givenvalueof dilution accordingto whatis
found in Ref. 23. However, theseanalytic estimatespredict
gpure. gþ and gpure. g+. Although the later is true, the
former is in contradictionwith linear7 andnonlinearsFig. 9d
simulationswheregpure, gþ. To resolvethis discrepancy, we
must turn to a moreaccuratecalculationof growth rates.

Table IV describesin detail the assumptionswhich de-
®neeachof six separatelinear calculations.Here,s1d is the
most realistic set of assumptionsand s6d the least realistic.
TableV showsthe normalizedgrowth rates,for eachof the
six casesdescribedin TableIV for 1/LnHe=   1. In TableV,

the resultsfor 1/LnHe=1 showagreementin trendwith non-
linear simulations sthat is, increasing fHe stabilizes the
plasmad. It alsoshowsthat trappingplaysa minor role fcom-
pares1dands2dgwhile vi hasno effect fcompares2dands3dg
justifying the assumptionsmadefor our analytical calcula-
tions. For the caseof ®nite-Larmor-radiussFLRdeffectswe
seea strongervariation,but as mentionedbeforethe quali-
tative behavior is not modi®ed. For the opposite case
s1/LnHe=þ1da moreinterestingbehavioris observed.When
all physicseffectsareincludedfsees1dgwe canseethetrend
predictedin Fig.9whereoutwardlypeakedimpuritiestendto
destabilizethe plasmawhen comparedto the pure plasma
case.However, as physicaleffectsareremoved,the destabi-
lizing trend is almosteliminatedfor the GYRO simulations
fcasess2d±s4dgand the root ®ndersRFdcodefsees5d; solu-
tion of Eqs. s15d and s16dg. It is only the analytic result
which showsa reversalin the trendfsees6d; Eqs.s22dgindi-
catingthat the effect observedin Fig. 9 is mainly causedby
the drift resonancefseeEq. s15dg. Moreover, by comparing
the last columnof TableV, we seethat the directionof the
densitygradient1/LnHe doesnot seemto play aslargea role
in the instability formation as initially thought.Finally it is
worth mentioningthatparallelmotionandFLR effectsplay a
very small role andthereforetheir exclusionis justi®ed.

The main conclusionfrom theseresultsis that although
impurities play somedirect role, the behaviorobservedis
mostly the resultof all the physicalmechanismsinvolved in
the problemsuchasparticle trapping,parallelmotion,FLR,
andmore importantthe drift resonance.

D. D-T ¯ow separation

Perhapsthe most curiousnonlinearsimulationresult is
the observationof an asymmetric̄ ow of deuteriumandtri-
tium in a 50-50mixture. Upon discoveringthis asymmetry,

TABLE IV. Physicalrealismof linear, adiabatic-electroncalculationssummarizedin TableV. ªTrappingºrefers
to ion trapping,ªparallel motionº to treating] / ] u and the u dependenceof the drifts exactly, ªFLRº to full
inclusionof ®nite-Larmor-radiuseffects,andªdrift resonanceºto a nonperturbativetreatmentof the curvature
drift resonance. RF denotesthe ªroot ®nderºsolutionof Eqs.s15dands16d, while ªanalyticº refersto Eqs.
s22dands23d.

Model
s1d

GYRO
s2d

GYRO
s3d

GYRO
s4d

GYRO
s5d
RF

s6d
Analytic

Trapping 3

Parallelmotion 3 3

FLR 3 3 3

Drift resonance 3 3 3 3 3

TABLE V. Summaryof growth rate shift, g /g0, for 1/LnHe=   1 and fHe=0.1,0.3 for eachof the six models
outlinedin TableIV. Here,g0 refersto the growth rateat fHe=0 for a given 1/LnHe andmodel.

1 /LnHe fHe s1d s2d s3d s4d s5d s6d

1 0.1 0.972 0.970 0.970 0.960 0.967 0.890

1 0.3 0.938 0.930 0.930 0.880 0.911 0.611

þ1 0.1 1.028 1.0 1.0 1.001 1.008 0.947

þ1 0.3 1.355 1.085 1.085 1.040 1.040 0.829
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we then computedquasilinear¯ow estimatesusing linear
GYRO simulations.We found that the quasilinearestimates
alsorobustlyexhibitedthe D-T ¯ow asymmetryof the non-
linear simulationsÐpredicting that the tritium ¯ow is di-
rected inward and the deuterium¯ow of equal magnitude
outward.This motivatedus to searchfor a simple analytic
expressionwhich could give somephysical insight into the
symmetrybreaking.SettingzD=zT=1, and fD= fT=1/2, and
noting that that responsefunctionshavethe form

RD = Asv d+ Bsv d, RT = Asv d+
1

mT
2 Bsv d, s24d

with mT
2 =2/3, we can write the eigenvalueequationas

þ s1 þ idd+ 2Asv d+S1 +
1

mT
2DBsv d= 0, s25d

where

Asv d=
v *n

2v
þ

v d

2v
S1 +

v * p

v
D, s26d

Bsv d= þ
skur sd

2

2
FS1 +

v * p

v
Dþ

3

2

v d

v
S1 +

v * p + v *T

v
DG.

s27d

By demandingthat the eigenvalueequationbe satis®ed,it is
easyto show that the imaginarypart of the responsefunc-
tions become

Im RD = þ
1

2
S1

mT
2 þ 1DBsv dþ

d
2

,

s28d

Im RT =
1

2
S1

mT
2 þ 1DBsv dþ

d
2

.

In theregimev * p@v d@skur sd2v * p, we cancomputea crude
but illustrativeexpressionfor theexplicit quasilinearparticle
¯ow, as de®nedby Eq. s14d, at a given valueof kur s:

GD = neskur sduf u2sþ Im RDd

= +
ne

8
skur sd

3uf u2Î 1

2
SR

Ln
+

R

LT
D+

ne

2
dskur sduf u2,

s29d

GT = neskur sduf u2sþ Im RTd

= þ
ne

8
skur sd

3uf u2Î 1

2
SR

Ln
+

R

LT
D+

ne

2
dskur sduf u2.

s30d

Thequasilinearresultis quiterobust,andindicatesthatin the
sadiabaticd limit d=0, for any form of the potential si.e.,
independentof any mixing-length or similar assumptionsd
the tritium will ¯ow inward and the deuteriumoutward at
everyvalueof kur s. Notethatthetotal transportcoef®cientis
obtainedby summationover the toroidal modenumbern in
kur s=snq/rdr s. At ®nite d. 0, we observethat the added
effect of electrondynamicsis to symmetricallydrive anout-
ward ¯ow of both specieswhereasin the oppositecasesd

, 0d an inward ¯ow is driven. This showsthat, within the
accuracyof the id model, the particle ¯ow asymmetryis
purely an ion effect.

However, theDT ¯ow separationeffect discussedin this
section is simply the result of having fD= fT=1/2 and
1/LnD=1/LnT=1. This in turn makesAsv dthesamefor both
speciesand consequentlyBsv d/mT

2, which is Oskur sd2, the
only sourceof asymmetry. In thecaseof a real fusionplasma
where the previous equalitiesmay not be satis®ed,Asv d
which is Os1d and different for deuteriumand tritium, will
dominatethe dynamicsof the particle ¯uxes.

In order to look at this effect in more detail we write
GD=Ge/2+D and GT=Ge/2þD. For the sakeof clarity we
considertwo cases.The®rstcaselooksat fT variationskeep-
ing thedensitygradients®xedandequals1/LnD=1/LnT=1d,
whereasin the secondcasewe consider1/LnT variations
with ®xedfT=1/2. In both caseselectrondynamicsis not
includedsGe=0d. To complementthis analysiswe useagain
the RF code fsolution of Eqs. s15d and s16dgused in the
precedingsection.For the ®rst casewe ®ndthat D~ fT as
expectedfrom ambipolarityconstraintsand no electrondy-
namics.In the secondcasewe ®nda more interestingsitua-
tion in which the particle ¯ow is controlledby the density
gradientsof deuteriumand tritium. For instance,when the
density gradientof tritium is steepenedenough,the deute-
rium ¯ows inward while the tritium ¯ows outward as op-
posedto the1/LnD=1/LnT case.This effect is reversedwhen
the tritium densitygradientis ¯attenedenough.This comes
from the fact that Eq. s4d is alwaysenforced.The point of
zero ¯ow occursat 1/LnT=1.0398which indicatesthat the
DT 50-50 effect found is very subtle indeedand that the
slightestdeviation from equaldensitygradientscan restore
equalD andT ¯ows.

E. On The accuracy of selected approximations

In attempting to construct an analytic theory of ITG
modeswhich is reasonablyaccuratefor typical tokamakpa-
rameters,onesoon®ndsthat manyof the morepopularap-
proachesareratherproblematic.Certainmodels,suchasthe
ubiquitousslab approximation swhich setsv d/v =0d, may
often be next to useless.A more sophisticatedmodelwhich
appearsin the literature is derived by working to leading
order in v d/v , kur s, andkics/v sthe so-called¯uid limitdto
derive a soluble second-orderdifferential equationfor the
eigenfrequency.25±27 However, in this model, the neglectof
resonantcurvaturedrift effectsleadsto a ratherseriouserror
in the phaseof the eigenfrequencyand is thus a poor ap-
proximationfor many purposes.For example,the eigenfre-
quencyv =v R+ig in the¯uid limit tendsto bealmostpurely
growing, with v R, 0. In reality, toroidal ITG modesfor the
StandardCasetypically satisfyuv Ru. ugu. This undesireable
featureof the ¯uid limit is a consequenceof theperturbative
expansionin v d/v . It turnsout that for realisticparameters,
it is betterto ignoreOskics/v dtermscompletelysthustrans-
forming theproblemto analgebraicratherthana differential
onedandinsteadfocuson working to higherordersor in fact,
nonperturbativelyd in v d/v .

By referringto Fig. 12,onecanseeclearlythedifference
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between working to lowest order in v d/v snonresonant
theorydandnonperturbativelyin v d/v sresonanttheoryd for
a D-T plasma.As claimed,the nonresonanttheory predicts
aneigenfrequencywhich is almostpureimaginary, while the
resonant theory correctly predicts that the mode rotates
stronglyin theion direction.To moresystematicallydescribe
the effectsof eachapproximation,we consider®vedifferent
calculationsof the quasilineardeuterium¯ow of the preced-
ing section.Figure13sadshowsthe exactvaluefGYRO s1dg
comparedwith that obtainedby neglectingtrappingfGYRO
s2dgand parallel motion fGYRO s3dgentirely. The salient

point is that parallel motion can be safely ignored. In Fig.
13sbd, it is evidentthat the resonantintegral theory ftheory
s1dgagreesextremelywell with the GYRO calculationthat
neglectsparallel motion fGYRO s3dg. This, we believe the
resonantintegraltheoryshouldbeusedin anycasewherean
accuratebut still tractablemodel is required.Surprisingly,
Fig. 13sbd also shows that the nonresonanttheory ftheory
s2dggivesa very gooddescriptionof the quasilinear̄ ow in
the low-to-moderatekur s range.This lendssomedegreeof
con®denceto the analyticresultsin Eqs.s29dands30d.

IX. CONCLUSIONS

The principal resultsof this investigationcan be sepa-
rated into threecategories:pure plasmas,plasmaswith im-
purities, andisotope¯ow separation.

In pure plasmas,the different pinch formation mecha-
nismswerestudied,indicating that the temperaturegradient
plays the dominant role. Electron collisions, on the other
hand,generallyopposethe productionof a thermalpinch.

In plasmaswith impurities, the effectsof impurity den-
sity gradientsand dilution were considered.For moderate
valuesof theheliumdensitygradient,a heliumpinchcanbe
createdandis driven largely by ®nitetoroidicity scurvatured.
Further, we found that the direction of the densitygradient
introducessubstantialqualitativeandquantitativechangesto
theplasmaÐfor example,a plasmawith impuritiespeakedin
the core hasbetterenergy con®nementthan a plasmawith
impuritiespeakedat the edge.Finally, we examinedthe va-
lidity of different approximationsto transport in multiple-
speciesplasmas;speci®cally, thedilution modelandlumped-
mass approximation. It was found that it is best to
approximate an impure plasma with the simplest
alternativeÐa pure plasmaÐat leastwhen both speciesare
similar ssuchasfor deuteriumandheliumd. Perhapsthemost
commonly discussed impurity problem is that of a
deuterium-carbon plasma, but we have focused on
deuterium-heliumplasmasbecausemost experimentsare
donewith helium andbecausethe helium ashremovalis an
importantproblemfor burning plasmassRef. 28, and refer-
encesthereind. For the nominal parametersstudied in this
paper, the deuteriumcore ions ¯ow inward and the helium
impurity ions ¯ow outward.

Finally, reactor-relevant D-T plasmaswere analyzed.
Contraryto what is normallyassumed,theturbulent¯ows of
deuteriumandtritium arenot equalbut showanasymmetry.
Startingfrom an optimal 50-50 mixture, the asymmetryfa-
vors the buildup of tritium in the core.A quasilinearmodel
showsthat this asymmetryis causedby FLR effects.How-
ever, a small steepeningof the tritium pro®lecan restore
equal¯ows of D andT.
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FIG. 12. Comparisonof eigenfrequenciesfor theoryincludingnonperturba-
tive drift resonancessolid curvesd with thosefrom the nonresonantexpan-
sion sdottedcurvesd. StandardCaseparametersfor a 50-50D-T plasmaare
used.

FIG. 13. Plot sad comparesthree GYRO calculationsof the quasilinear
deuterium¯ ow in a 50-50 D-T plasmafor the StandardCase.GYROs1d
makesno approximation.GYRO s2dneglectsparticle trappingby settingr
=0.05 fwhereasGYRO s1d hasr =0.5g and GYRO s3d ignoresthe parallel
motion sion-soundphysicsd altogether. Plot sbd comparesthe GYRO s3d
simulationwith thefull local kinetic theoryftheorys1d, which usesEq.s15dg
and the long-wavelengthlocal kinetic theory ftheory s2d, which usesthe
simplerEq. s17dg.
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Equationss12dands16din the original papercontainan
incorrect term s®rstterm on the right-handsided and an in-
correct sign, respectively. The correctedversions of said
equationsareasfollows:

s1 þ iddnef = o
s=1,2

zsFþ fsnef +Ed3vJ0Sbv'

zsms
DgsG s12d

and

þ s1 þ idd+ R1sv d+ R2sv d= 0. s16d

Thesechangesdo not affect the subsequentanalyses.

PHYSICSOF PLASMAS 12, 049902s2005d

1070-664X/2005/12~4!/049902/1/$22.50 • 2005 American Institute of Physics12, 049902-1

Downloaded 20 Jul 2005 to 198.129.105.152. Redistribution subject to AIP license or copyright, see http://pop.aip.org/pop/copyright.jsp


