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Gyrokinetic simulations of ion and impurity transport
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A systematicstudy of turbulent particle and enegy transportin both pure and multicomponent
plasmass presentedin this study gyrokinetic resultsfrom the GYRO codefJ. CandyandR. E.
Waltz, J. Comput. Phys. 186, 545 20031gare supplementedvith thosefrom the GLF23 fR. E.
Waltz, G. M. StaeblerW. Dorlandet al., Phys.Plasmas4, 2482 s199'™gtransportmodel, aswell
asfrom quasilineatheory VariousresultsareobtainedThe productionof a particlepinchdrivenby
temperaturgradientssa thermalpinchdis demonstratecandfurther shownto be weakenedy ®nite
electroncollisionality. Helium transportandthe effectsof heliumdensitygradientandconcentration
in a deuteriumplasmaare examinedlnterestingly it is found thatthe simpleD-v diffusionversus
convectivevelocityd model of impurity "ow is consistentwith results obtainedfrom nonlinear
gyrokineticsimulations Also studiedis the transportin a 50-50deuterium-tritiumplasmawherea
symmetrybreakingis observedindicating the potential for fuel separationin a burning plasma.
Quasilineartheory togetherwith linear simulations shows that the symmetry breaking which
enhancedhe tritium con®nemenétriseslargely from ®nite-Larmoiradius effects. To justify the
numericalmethodsusedin the paper a variety of linear benchmark&ndnonlineargrid re®nement

studiesare detailed.» 2005 Americanlinstitute of Physics fDOI: 10.1063/1.1848543

I. INTRODUCTION AND SUMMARY

Historically, gyrokinetic SGKd simulationshavefocused
almostexclusivelyon the enegy transportof coreions with
little attentiongiven to the study of plasma ow. However
severalcritical issuessuchasthe existenceof turbulentpar
ticle pinchesin puresoneion speciedandimpuresmorethan
oneion specied plasmaspr the designand operationof the
fueling and pumping systemsfor future burning plasmas,
dependstrongly on particle dynamics.For example the pro-
jected performanceof the InternationalThermonuclealEx-
perimentalReactord TERd dependsstrongly on the fraction
of accumulatedhelium ashduring long-pulseor steady-state
operationl. Similarly, the accumulationof impurities dn-
jectedor originating from materialsurfacedin the coreof a
burning plasmacanresultin excessiveduel dilution or core
radiation.

In this paperwe presenta detailedgyrokinetic study of
ion particle and impurity transport.Full nonlinear gyroki-
neticdynamicsof all ionsandelectronstrappedandpassing,
is simulatedusingthe GYRO codé in the r.! 0 “ux-tube
docaldlimit, whereperiodicboundaryconditionsandno pro-
®levariationareimplied. We consideronly electrostatic uc-
tuationsrelevantfor low b and circular geometry Although
previoussimulationshave usedthis degreeof realism, par
ticle transportwas not studiedper se>*° Earlier works on
particle dynamics, focused on impurities in a tokamak:’
where impurity-driven instabilities and their effect on ion
temperaturegradientdTGd modeswere studied. However
thesestudiesdid not include trappedparticles,the electron
responsevasassumedo be adiabaticandtherewaslittle or
no discussiorof impurity “ows.
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For the purposesof benchmarkingand validation, we
comparewith linear simulationsfrom both the GS2 codé"®
and a secondlinear gyrokinetic code’ For nonlinearcom-
parisons we use the reduced gyro uid transport model
GLF23!° We remarkthat the GLF23 modelis basedon ®ts
derived solely from linear gyrokinetic and nonlinear gyro-
Landau- uid simulationssandmorerecently GYRO gyroki-
netic simulationsl The methodologyemployedin this report
wasto initially ®ndinterestingqualitative characteristicof
thetransportusingGLF23,andsubsequentlanalyzethemin
more detail using the quantitativerealismof GYRO.

The remainderof this paperis organizedas follows: In
Sec.ll, a descriptionof units and conventionsusedby the
codesis presentedSectionlll showslinear benchmarksof
GYRO with otherGK codesandpreviousresultsin impurity
transport.In Sec.lV an introductionto the nonlinearsimu-
lations is presentedThis section consistsof four separate
parts. The ®rst part introducesthe simulation parameters
used,followed by a discussionof resolution,code conver
gence,and the de®nitionof quasilinearapproximationused
in thiswork. SectionV studiespureplasmasandlooks at the
effect of temperaturgyradients.electroncollisions, and cur-
vature. SectionVI looks at helium "ow in deuteriumplas-
mas; in particular the effects of impurity density gradient
anddilution on particleandenegy transportare considered.
This part alsoincludesa critical review of multiple-species
transportmodelscurrently in use.In Sec.VIl we focus on
the dynamicsof a 50-50 deuterium-tritiumsD-Td plasma.
Here, we discovera robust ow separatioreffect which fa-
vors the improved con®nemenbf tritium. In Sec.VIIl, an
analyticaltreatment,basedon quasilineartheory is usedto
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TABLE |. Units andassociatechormalizationsfor resultsin this paper

Dimension Unit Description
Length a Minor radius
Mass m lon mass_
Velocity Cs lon soundspeedI T/ m;

gaininsightinto the mostinterestingnumericalresultsof the
paper SectionlX givesa concludingsummary

II. UNITS AND CONVENTIONS

A. Basic units

Unless otherwise speci®edthe following conventions
andunits are employedthroughoutthis paper The choiceof
basicunitsis summarizedn Tablel. Frequenciesndgrowth
ratesare normalizedto ci/a wherec8 ! T./m, is the ion
soundspeeda is the plasmaminor radius,andi is the main
ion speciesBecausdiffusivities havea naturalgyro-Bohm
scaling, we will generally normalize theseto a reference
gyro-Bohmlevel xgg8 rgcsla, wherer 8 c,/V; is theion-
soundLarmor radiusandV .=zeB/m; is the ion cyclotron
frequency In particular for nonlinearstudies,to avoid am-
biguity we de®nea referencedeuteriumgyro-Bohmdiffusiv-
ity xggp for which my! mp. In this paper the symbol s is
the mostgeneralspeciedabel for which threegeneralvalues
areallowed:i snainiond | smpurity iond ande slectrord
Speci®cion speciespresentin the simulationswill be de-
notedby their standardchemicalsymbol.

B. Fluxes and diffusivities

In the units describedabove, the particle and enegy
“uxes, G; and Qg, are relatedto the particle and enegy
diffusivities, D¢ and x,, accordingto

n T

G =pD.E, Q=pnoel .
G, andQ, are computedasthe magnetic ux surfacetime,
and radial averagesof the primitive "uxes computedfrom
the gyrokinetic equations.Converting quantities back to
physicalunits is straightforward;for example,the physical
radiusis a3 r, the physical ux is ¢;3G g, andthe physical
diffusivity is c;3 a3 D,. Density and temperatureare in
physicalunits.

We mustwarn the readerthatin experimentalwork, the
particlediffusivity is oftenseparatedhto a diffusive partand
a convectivepart

Ins

Jr

whereDg is the turbulentdiffusion coef®cientandv;, is an
inward convectivevelocity. Wheninward convectiondomi-
natesdiffusion, thereis a netinward ow of particles;we
call this a particle pinch. For the analysiswhich follows, it
will be conveniento de®nean effective ion enegy diffusiv-
ity andeffectiveion "ux as

sld

Gs ! b Dg b NsVin, s2d
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eff n+n, Qeff b i | eff]r

s3d

In the previousexpressionst, is a ux-surface label gphysi-
cally, the midplaneminor radiugl All subsequerdiscussions
and analysisare restrictedto circular geometryand electro-
static "uctuations. We assumethe usual de®nitionof mag-
netic shears=s /qdslg/drd whereq is the safetyfactor.

C. Gradient scale lengths

The density and temperaturegradientscalelengthsare
Lns8 pfJdnngd/Jrt and Lio8 pfjdn T/ Jrdt, respec-
tively. Consequentlya negativedensitygradientmeansthat
particledensityincreasesvith radiussoutwardly peakedoro-
®la] whereasa positive density gradientimplies the usual
inward-peakegro®le.

For impurity studiesthe chage dilution is de®nedas f,
8 z:,/ndwhere,aswe havepreviouslyindicated,the sub-
script | refers to the impurity species.In order to satisfy
plasmaneutralitythe following relationbetweendensitygra-
dientsmustbe satis®ed:

i _ 1/Lneb fI/I-nl

sAd
Lni 1 p fI

lll. LINEAR BENCHMARKS

To validatethe gyrokineticimpurity treatmenin GYRO,
we comparedwith independentinear runs of the GS2 code.
At thelevel of this comparisonGYRO and GS2are solving
exactly the same equation she gyrokinetic equation and
should in principle agreeto desiredaccuracy In order to
make a connectionwith the existing literature, the param-
etersfor the cross-codeomparisorwerebasedon published
work by Dongand Horton.! For this benchmarkhydrogenis
the mainion andfully strippedcarbonsz-=6dis the impu-
rity, electronsaretakento be adiabatic,andparticletrapping
is ignored. Although the parameterset employedhere fol-
lows that of Ref. 7, the GYRO and GS2 calculationsare
done at ®nite aspectratio SR=3 and r=0.5d and therefore
includethe dynamicsof trappedions.

First, in Fig. 1sad we plot the growth rate asfunction of
k,rs Fixed parameterdor this scanwereq=2.5, s=0.5, f¢
=2cNc/nd=0.5, fi=n;/ng=0.5, L,e=0.9, L, c=p0.45, L,
=0.225,andL+=0.1125.Figure 1sbd next, showsthe effect
of carbon concentrationfc. Fixed parametersn this case
werek,r=1/12,q=2.5,s=1, L,.=0.9, andL,c=p0.45with
L, computedfrom Eq. sAdand /2,=L,;/Ly=2.

We note excellentagreemenbetweenGYRO and GS2,
indicatingthatboth codesarefunctioningcorrectly We have
veri®edthatthe discrepancyn comparingwith Ref. 7 cannot
be fully attributedto ®nite-aspect-ratieffects, althoughthe
agreementvith respectto growth rate doesimprove some-
whatin thelimit r/R! 1.
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FIG. 1. Adiabaticelectroncomparisorof growth ratesfor the GYRO ssolid
linedand GS2 sblack dotd codes Also shownare publishedresultsby Dong
sRef. 7d slottedlinedwhich neglecttrapping.Plot sadshowsthe growth rate
asfunctionsof k,r.. Plat sbd showsthe effect of carbonconcentrationfc
8 zcnc/ng, for kL,rszllI 2 ands=1. All other parametersare the samein
both plots. AgreementbetweenGYRO and GS2is extremelygood.

IV. NONLINEAR SIMULATIONS, METHODS, AND
MODELS

The methodologyemployedhere was to ®rst ®nd the
qualitativebehaviorof selecteccaseausingGLF23,andsub-
sequentlyget quantitativeresultsusing GYRO. The salient
point is that for the casesconsideredn this paper a single
GLF23 run takeslessthan a secondon a desktopworksta-
tion, whereasGYRO takesabout5 h using 32 MSPson the
Cray X1. As mentionedin the Introduction,full gyrokinetic
dynamicsof all ion and electronspeciesis includedin the
GYRO simulations.For most of the casesconsideredthe
GYRO-GLF23agreemenits quite good,althoughin a minor-

ity of casesve havebeenableto ®ndnotablediscrepancies.

The scansn this paperweregeneratedy varying four sepa-
rate parametersthe impurity densitygradientl/L,,, the im-
purity dilution f,, theion andelectrontemperaturgradients
1/L; ssimultaneouslgl and the electron-ion collision fre-
guencyn,. Plasmaneutrality whichis re ectedby the equal-
ity in Eq. Ad is alwaysenforced.

A. Choice of equilibrium parameters

All nonlinearresultsusethe Standad Caseparametetjé’
dor which GLF23 hasbeencalibrated as a referencepoint.
Theseare 1/L1¢=1/L+=3, 1/L,e=1/L,=1, R=3,r=0.5,s
=1, q=2, T,=T,, a=0, b.=0, n,=0, andk,r,=0.3. Deute-
rium is takenas the main ion species.n addition, we use
kinetic electronsam/m,. 360 and simpli®eds-a circular
geometryAll departuredrom this setof parametersill be
explicitly indicated.Our motivation for using theseparam-
etersis twofold: sld they are roughly typical of a central
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locationin the tokamakwherethe gyrokinetic equationsare
believedto provide an accuratedescriptionof the plasma,
ands2dvariouspreviousstudieshavebeendoneusingthem.

B. Code resolution

For the casesconsiderecherein,we areinterestedn lo-
cal studiesonly and thusrun GYRO in the "ux-tube limit.
Our normal coderesolutionusesa 128-pointvelocity-space
grid seight enegies, eight pitch angles,and two signs of
velocityd andten poloidal sorbitd grid points per sign of ve-
locity. Experiencegained over three years of GYRO use,
after hundredsof simulations,indicatesthat ITG modesare
in fact very well resolvedat this velocity-spaceresolution
evenfor non adiabaticelectrons Adequateresolutionof the
perpendiculardirections sx,yd! & ,wd tends to be more
problematicand needsto be scrutinizedfor eachparameter
set. Sincewe arerestrictingattentionto "ux tubes,we con-
tent ourselveswith an s.,,L,d=s128,128d box, n; =140 ra-
dial grid points sso that Dr/r¢=0.91d and n,=16 complex
toroidal modes.With thesechoices,we resolveup to k,rq
=0.75.

C. Convergence and adequacy of grid

Unpublishedresults by Hallatschekand Dorland™ ap-
pearto suggesthat simulationsrelevantto particletransport
needto resolvevery small radial and poloidal scales.The
possibility of this effect motivateda perpendicularesolution
study For this we performedtwo runs using the resolution
de®nedin the precedingsection,but in a smallers.,,L,d
=%4,64d box. The ®rstusedthe sameperpendiculargrid
size: k,rs@ 0.75 and Dr/r,=0.91 sachievedby setting n,
=8 andn,=70d Thesecondusedtwice theresolutionin each
dimension:k,rs@ 1.5 and Dr/r¢=0.46 sobtainedby taking
n,=16 and n,=140d The results of thesetwo small-box
casesare comparedwith our baselines.,,L,d=s128,128&l
caseassummarizedn Tablell. Two conclusionsarereadily
apparentFirst, the smallerboxesslightly underestimatéhe
transportmagnitudein all channels.Indeed,Fig. 2 shows
that the large box sdashedcurvalis large enoughto resolve
the peakin the transportspectrumatk,r., 0.1, whereaghe
smallbox ssolid curveddoesnot resolvethis peakandunder
estimateghe transportby roughly 21%. Secondworking at
®nergrid resolutionsS/F versusS/ C in Tablelldreduceghe
outwardparticleandenegy ows slightly. This may be due
to a reductionof effective numericalsupwindd diffusion in
the radial direction. The overall effect is insigni®cantNote
that Fig. 2 alsoshowsthat while the linear growth rate ddot-
ted curve in the trappedelectron mode STEMd regime is
muchhigherthanin the ITG regime,the actualTEM-driven
transportis very small.

D. Quasilinear estimates

As an aid in understandingcertain fully nonlinearre-
sults, we sometimesuse a simple type of quasilinear ap-
proximation. This is nothing more than evaluatingthe non-
linear "uxes using the complex linear eigenmodesand
eigenfrequencieat a selectedk,rs. Speci®callythe particle
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TABLE II. Resultsfor box-sizeand perpendiculagrid-size convegencestudy In the @simulation® column,
L=large box, S=small box; C=coarsegrid, and F=fine grid. The L/C simulationis the baseStandardCase.
The L/C-to-S/C comparisordemonstratethat a small 643 64 box slightly underestimatethe transport.This
resultis well knownto us from previousstudiesThe S/ C-to-S/F comparisorindicatesthatthe coarsegrid only
slightly overestimatesutwardtransporiprobablya consequencef largerupwinddissipationin the coarse-grid

casel but captureghe essentiaphysics.

Simulation Xi Xe D; D,/rg Kl Onax a,,Lyd
L/C 11.82 3.48 p1.93 0.91 0.75 s128,1281
S/IC 9.33 2.76 p1.52 0.91 0.75 64,64
S/IF 9.07 2.53 p1.62 0.46 15 64,641

“ow is the product of the density perturbationAand the
perturbationof of the E3 B velocity sé\; gd such that G
=M, 5. The quasilinear approximation takes A=Fsv d
3 s, gd for eachmodek with F a complexlinear function
givenby thelinearrespons®f the densityperturbatiorto the
potentialperturbationat the complexlinear modefrequency
v=vrtig.

V. PARTICLE TRANSPORT IN A PURE PLASMA

Beforetreatingmultiple ion speciesye considerparticle
transportin a pure plasma.ln particular we would like to
know when anomalouspinchess ow againstdensity gradi-
entgl occur This problemhasperhapsbeenone of the most
studiedin particle transport,both theoretically and experi-
mentally; in fact, sucha pinch is necessaryto explain ob-
servedequilibrium densitypro®lesin the core of a tokamak,
wherethe particle sourceis almostnegligibleandthe plasma
“ow is virtually zero. Coppi and Spighil2 were the ®rstto
elaborateon a pinch theory although their detailed argu-
mentsare more suitablefor the edgeof the plasma.Their
proposedmechanismfor inward “ow is the so calledion-
mixing mode which includesthe effect of ITG modeturbu-
lence on the nonadiabaticelectronresponselt was argued
thatkinetic electronsdeterminethe particle transportof ions
and electronsshecausdransportis ambipolad The analysis
ignored toroidal and sheareffects, and assumedhe colli-
sionaldrift wave SCDWdIimit. Becauseof this lastassump-
tion, only the circulating electronscontributeto the pinchb

FIG. 2. Effect of highk,r s on particle ow attwo differentresolutionsS/F
andL/C sseeTablelld Althoughfor a TEM-dominatedregimethe growth
ratesare very high, the particle transportis closeto zero.

speci®callya thermal pinch salso called thermodiffusion as
will be discussedshortlyd sincethe inward ow component
of the total transportis proportionalto the temperaturegra-
dient, 1/L+. The key insight of Coppi and Spight was to
observethatatthenull ow pointwherethe densitygradient
outwarddrive is balancedby the inward temperaturegradi-
entdrive, the CDW mode swhich rotatesin the electrondi-
rectiordwould be stable Thus,anunstableon-directionl TG
modeis the requiredsourceof the turbulencelf the density
peakstoo muchbdriving /; belowthresholdbthel TG mode
will alsobe stabilized.

Subsequentvorks™* attemptedo generalizethis para-
digm to the more collisionless regime appropriateto the
core. The detailsof the CoppitSpighttheory actually apply
only to the highly collisional edgewherethe fueling supplies
the 'ow and a pinch is usually not needed.Referencel3
consideredhe dissipativedow collisionalityd regimewhere
thetrappedelectronmodeis excitedandthereforecanplay a
signi®cantrole. This study usedsheared-slalyeometryin-
cluding an ad hoc division of electronvelocity spaceinto
trappedand circulating regions. It was found that for the
dissipativetrappedelectronmodesDTEMdthe particle ow
is outward. An improvementover this work"* considered
lower collisionality and showedthat the trappedelectronre-
sponsecanhavea thermalpinchin the collisionlesstrapped
electronmode SCTEMd regime. The major differencewith
previousworks was that curvaturewas included, which al-
lows a ®nitegrowth ratein the collisionlesslimit. It is worth
mentioning that all the previous theories used quasilinear
approximationsto estimatethe particle ow. More impor-
tantly, all of the acronymsused here SCDW, DTEM, and
CTEMdin reality referto the electron-directiordrift wavein
differentcollisionality regimes.In all caseghe ion-direction
ITG modeis requiredto drive the turbulenceat the null "ow
point.

More recently a new approachemeged where pinch
effectsarenotdirectly associatedvith densityor temperature
gradientsbut involve magnetic®eldcurvaturewhich canin-
duce a pinch as the result of subtle functional
constraints>**®Usinga 3D “uid modelof ITG/TEM turbu-
lence,Garbetet al.'® wereableto con®rmthe existenceof a
curvature-driftpinch in additionto the usualthermalpinch.

A. Characteristics of a thermal pinch

Figure 3sad showsthe variation of the normalizedion
thermaland particle diffusivities, x; and D;, versusthe nor-
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FIG. 3. Ly, scansat ®xedL ., with L;.=Ld Plot ssdcompareghetotal ion
particle -dotted lined and thermal ssolid linesd diffusivity from GYRO
<irclegdto that from GLF23 ssquared In plot sbd a similar comparisons
presentedor the electrondiffusivities.

malized temperaturegradient for GLF23 and GYRO. In

thesesimulationsLy.=Ly;. Figure 3dd showsthe analogous
plots for the electrondynamics.Both codesshow a thermal
pinchat suf®cientlyhigh /.. However GLF23doesnot have
an accuratethresholdand the electronenegy ow is too

high.

B. Effect of electron collisions on a thermal pinch

It has been shown recently thatbin the context of
GLF23 transportmodelingbelectron collisions are needed
to accuratelyreproducethe reductionof the anomalougar
ticle pinch in ASDEX-UZ Looking again at the Standard
Casein the collisionlesslimit, we observea robustparticle
pinch sseeFig. 3 a L,./Lt.=3d However Fig. 4 showsthat
this pinch is rapidly convertedto outward particle ow as
electroncollisionsareincreasedrom zero.For higher colli-
sionality the trappedions "ow outward while the passing
ions ow inward. This is quite in contrastto the relative
behavior of the passingand trapped electron populations.
Becausethe passingelectronsare snearhyd adiabaticband
thusin phasewith the potentialbthey suffer little transport.
Therefore,to maintain chage neutrality the trappedelec-
trons mustcompensatand nearly balancethe total ion par
ticle ow. However it is incorrectto concludethatthe pinch
disappeargor highercollisionality. The pinchthresholdsim-
ply movesto a higher /2, whencollisionality is included.

Phys. Plasmas 12, 022305 ~2005!

FIG. 4. lon particle ow sad and electronparticle ow sbd separatednto
trappedand passingfractions.The ~ows are normalizedto x;.8 sx;+x.d/2.

VI. HELIUM TRANSPORT IN DEUTERIUM PLASMAS
A. Density gradient effects

We next considerthe effect of density gradient scale
lengthL e Onthe particletransportfor bothion speciesilt is
of interestto determinewhen a turbulentpinch dueto den-
sity gradientis createdlIn this section,the particle diffusivi-
ties Dy andD; arenormalizedto the effective enegy diffu-
Sivity Xef given by Eg. s3d whereasl/L . wasnormalized
to 1/L,. First, Fig. 5sad showsthe effect of helium density
gradientsncluding negative,or inverted, gradientd on the
D/ x ratio asestimatedyy the GLF23 code.Resultsaregiven
for two impurity concentrationsfy,=0.1 and f,;.=0.3. Fig-
ure 5sbd showsthe GYRO simulations.The resultsare in
very good qualitative agreement,showing that for suf®-
ciently weak, positive helium gradient,a helium pinch is
created.Figure 6 showsanalogousplots for the main ions.
For positive gradients,we seea robustinward ow of the
mainions. This pinch featureof the StandardCasehasbeen
alreadynotedin the precedingsectionfor the caseof a pure
plasma.For Lo/Lye, O shelium peakedoutsidelthe deute-
rium “ow is outwardandthe helium ow is inward s1/L
=1 and 1/L,p remainspositivein theserungd

It is instructiveto seein more detail how the value D4
computedby GYRO is relatedto the diffusive and convec-
tive contributionsto the transport.Eqgs.sld and 2dimply

Dhe= Dae b VinLnHe- sbd

If the Dye-Lnne relationshipis assumedo belinear sin other
words, DY, andv;, areindependenbf Ld thenfrom Eq.
$dit follows that DEie is given by the vertical interceptin
Fig. 7, whereasthe convectivevelocity v;, is given by the
slope.From this we canestimatean inward velocity of 12.4
and11.6 sunits of cdfor f,e=0.1and0.3, respectivelyanda
turbulent diffusion coef®cientD?,./ xggp=17 for both dilu-
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FIG. 5. Normalizedimpurity ow Dy VS L4 SCansat ®xedL .= 1dfor two
different impurity concentrationsf,.=0.1 and 0.3. Quadrantl refers to
outward ow and a peakedpro®le,2 to inward ow andpeakedbro®le,3 to
outward ow and hollow pro®le,and 4 to inward ow andhollow pro®le.
Plot sad showsGLF23 resultswhile plot sbd showsGYRO results.

tions.Fromthis it seemghatonly convectiveprocessebave
a dependencen impurity concentrationalbeit a very weak
one scomparesolid and dashedlines in Fig. 7d Zero "ux
sD.=0d necessarilyimplies a balancebetweenconvective
anddiffusive terms.

B. Dilution effects

The purposeof this sectionis to studythe mechanicsof
smainionddilution andhow all ion channelsare affectedby
it. Two fundamentalssuesare discussedere:the ®rstis the
effect of fy on particle transport;the secondis the validity
of conceivableapproximationgo multiple-speciesransport,
suchasthe dilution modelandthe lumped-masspproxima-
tion. Neither of thesediscussthe transportof impuritiesand
areintendedonly to describethe effect on enepgy transport.
Here the dilution modelis takento meanthat impurities do
not respondo the potentialandareassumedo haveno ow.
Equilibrium chage neutralityis maintained so that the only
effect of increasingf . is the dilution of the mainions. The
impurity ion gradiententersonly via Eq. sAd The lumped-
massapproximation,on the other hand, createsa ®ctitious
specieg with atomicmassM de®nedy

M =<l p f,dn +f,m,. %d

For examplethis would give rise,in a 50-50D-T mixture,to
the notion of a DT ion with an effective massof M=2.5m,,.
If theimpurity hasa differentchage statethanthe mainion,
one might alsointroducean effective chage

Z:S].bf|cti+f|2|. s7d

Phys. Plasmas 12, 022305 ~2005!

FIG. 6. SameasFig. 5, exceptshowingthe mainion ow D;/x; ratherthan
the impurity 'ow Dy/X;. As before, plot sad shows GLF23 resultswhile
plot $bd showsGYRO resultsshoth at ®xedL,.=1d Accordingto Eq. Ad
1/L,;. Oin thesescans.

In this approximationthe lumpedion speciess assumed
to have the samepro®le as the backgroundions. For this
study we have consideredtwo qualitatively different plas-
mas: one in which impurities are inwardly peakedsl/L e

0d suchas helium ashborn at the core, and the opposite
casefor which the impurities are outwardly peakedsl /L e
, 0d suchasincomingedgeparticles.For the lumped-mass
approximationthereis no distinction.

1. Inward impurity peaking

For positive 1/L,, thereis little variationin the trans-
port of heliumfsolid curvesin Fig. 8sadgas . is increased,
whereasbetter deuterium con®nemenis predicted fsolid

FIG. 7. Helium diffusivity Dy VS Lpye SCansat ®xedL .= 1dfor two differ-
entimpurity concentrationst, ,=0.1ssolid linedand0.3 sdashedined using
GYRO. Thediffusiveterm Dg is given by the vertical interceptof the graph
whereasthe convectivevelocity v;, is given by its slope. The dottedline
showsthe resultsfor adiabaticelectronsat f,,,=0.1.
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FIG. 8. Particleand heat ow, D;, Dy, and x as functions of impurity
fraction f.. Here,two differentimpurity densitygradients 1/L .= 1, are
consideredPlot sad compareD resultsfor GLF23 and GYRO, plot sbd
comparesD; results,and plot scd compareseffective heatdiffusivity fnor
malizedto x.z0dthe code-speci®walueat f,.=0g

curvesin Fig. 8hdg This result agreeswith experimental
trendsobservedecentlyin DIII-D, andpreviouslyin several
othermachinesRef. 21, andreferenceshereird This corre-
spondsto the so-called radiative impurity sRld mode in
which a controlled amountof impurities tendsto improve
con®nementor the caseof enegy transporta similar trend
is observedn Fig. 8xcd solid lined The agreemenbetween
GYRO andGLF23is impressive NotethatHe is owing out
andD is owing inward, andthe electronsare pinched.
Oneof the key factorsin a fusion plasmais the ef®cient
removal of helium ash.Although this problemis global in
nature,sinceashis generatedt the core and pumpedout at
the edge,we can use some of our resultsto addressthis
problem. The most critical quantity in this problemis the
ratio betweenthe helium ashremovaltime and the enegy
con®nementime r 8 ¢t/ tg, with a permissibleoperational
value of r g 7+15% This con®nementime ratio is usually
determinedby the x/D ratio. By looking againat Fig. 8 we
canestimatea ratio x/D< 2.5+3 for GYRO andx/D< 1.7
for GLF23. Both estimatesare essentiallyindependentof
dilution and give a reasonableestimatefor our particular
radiallocation.In reality, a detailedanswerto the problemof
helium ashremovalwill requirea global simulation,follow-
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ing the dynamicsfrom coreto edge.Our resultshere show
that GLF23 could be well suitedfor suchan ef®cientglobal
study of this problem.

2. Outward impurity peaking

For negativel/L . Ssame®guredwe discovera some-
what more interestingresult: while the helium impurity ions
experiencea slightly improved con®nementvith increased
fue Sthis improvements overestimatedhy GLF23 the bulk
deuteriumions experiencea degradatiorof con®nementn
particular at the critical valuef,.. 0.07the deuteriumgoes
from being pinchedto "owing toward the plasmaedge,but
helium is "owing inward while the electrons are still
pinched.This behaviorhas beenpreviously noted; that is,
whenevetwo ion speciepeakin differentradialregionsthe
plasmais more unstable® The physicalmechanismbehind
this phenomenomwill be discussedn Sec.VIIl. We remark
that GLF23 captureghis behaviorquite accuratelyA similar
pictureis observedor the enegy con®nement-or this par
ticular regime,the agreementvith GYRO is very goodup to
fhue. 0.1landfairly goodbeyond,exceptfor the x4 calcula-
tion whenl/L ye.=p1.

3. The dilution model

Figure 9 looks at the variation of enegy transportwith
dilution as obtainedfrom both GYRO and GLF23. For the
caseof a negativeimpurity densitygradient,asseenin Fig.
9sad the dilution modelappliedto GYRO is in poor agree-
mentwith thefully kinetic modelof impurities.In the oppo-
site case,shownin Fig. 9shd fair agreements obtainedfor
small valuesof dilution sf,,,, 0.05d althoughfor larger val-
ues a dramatic loss of accuracyis observed.Thus, when
using GYRO, one should either treat impurities kinetically,
or ignore them altogether This is particularly true for the
caseof positive 1/Ly. Whereimpurities have a very weak
effect on X5/ Xggp 9-€., smalldifferencesvhencomparedo
the pure plasmacasel in the range 0.05+0.20.Figure 9scd
shows the equivalentresults for GLF23. Surprisingly we
®ndthatthedilution modelgivesriseto aresultthatis closer
to the full dynamicsthanthe pure plasmalimit. This is ap-
parentlythe resultof the assumptiorin GLF23 of a similar
ITG-typetrial functionfor all valuesof f.. In GYRO, how-
ever no such assumptionis made, and a nonphysical
electron-directiormodeis found whenfg.0 0.2. This is the
causeof the rapid accuracyloss of the GYRO dilution
model. SeparateGLF23 studiesshow the dilution modelto
behavesimilarly for deuterium-carborplasmasbalthough
with slightly lower accuracythanfor deuterium-heliunplas-
mas.

4. The lumped-mass approximation

Our studywith this modelwas lessexhaustivethan for
the dilution model. Only one casewas consideredsfe=0.3,
as shownby a trianglein Fig. 9d giving a DHe 2atom® of
massM =2.6 andchage Z=1.3. This approximationis better
than the dilution model, as would be expectedfor larger
impurity fractions. Importantly neither model can capture
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FIG. 9. fye scansfor 1/L..= 1, comparingthe dilution modelwith full
kinetic dynamicsfor bothGYRO andGLF23.Plot sadshowsGYRO runsat
1/Lye=p1 while plot sodshowsGYRO runsat 1/L,4.=1. In both caseghe
lumped-masspproximationis includedsriangleat f,,.=0.3d Plot scdshows
the equivalent GLF23 calculationsfor 1/L4.= 1 for both full dynamics
andthe dilution model.

the enegy con®nementegradationfor 1/L,4., 0. Once
again, it seemsmore sensibleto approximatean impure
plasmawith its pure counterpart.

VIl. PARTICLE TRANSPORT IN D-T PLASMAS

It is of interestto determinethe particleandenegy "ux
asymmetryin the caseof a mixed deuterium-tritiumplasma,
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but before discussingsuch a problemit is usefulto make
some commentsabout intrinsic massscaling. For ions of
arbitrarymasam;, theintrinsic massscalingof frequencyand
diffusivity canbe deduced:

C 1
frequency §~ Tz diffusivity ~ xgg~ m-?. s8d

Strictly speakingthesescalingswill be exactly obtainedin

the ux-tube docaldlimit, suchthatthe thereis a singleion

species, and the electron mass is removed from the
problembasin theadiabaticelectronmodel. This meanghat
if one simulatesa pure-D plasmawith adiabaticelectrons
andobtainsxp=Cxggp, thenthetransportin otherpureplas-
mas can be obtained by scaling arguments alone: x

=1 A/2Cx¢ggp, Where A is the isotope atomic mass.Finite

electronmass,as treatedin this paper will give rise to a
relatively small breakingof thesescalingrules throughthe
nonadiabatigart of the electronresponseThis effect is evi-

dentfrom Tablelll, wherewe havesummarizedhe results
from a sequencef nonlinearGYRO simulations Looking at

thepureD, DT s®ctitiousspecied andT enegy diffusivities
X, we seethattheratiossl, 1.08,1.21ddeviatelittle from the
expectedI A/2 ratiossl, 1.11, 1.2

The full nonlinearrunswith kinetic electronsas shown
in Fig. 10, uncovertwo curious and potentially important
results.First, in Fig. 10sad we seethatthe deuteriumenegy
diffusivity in the D-T simulation is actually enhanced
slightly from thatin the pure-plasmasimulation.Second,n
Fig. 10sbd we seethat the tritium ions are more strongly
pinchedthaneitherthe deuteriumionsin the D-T simulation
or the deuteriumionsin the pure-D simulations We empha-
sizethatfor the D-T simulation,tritium is consideredasthe
impurity, and so the normalization is with respect to
XcppPthe gyro-Bohm diffusivity of deuterium.Although
thedifferencesn x in Fig. 10sadaresmallandat the limit of
signi®canceye haveveri®edthattrendsarepreservedsthe
simulationresolutionis changed.

An important potential implication of the strongertri-
tium pinchis that the resultingoffsetin particle ow for the
two componentsmply that aninitial 50-50 D-T mix in the
plasmacorewill movetowarda relatively higherfraction of
tritium. The physicalmechanisntor this effect will be dis-
cussedn thefollowing section A curiosity of theseresultsis
apparenin the tritium enepgy transport x+/xggp=11.73,in

TABLE Ill. Summaryof deuterium-tritiumplasmastudy All quantitiesalreadynormalizedto xggp Sdeuterium
gyro-Bohmdiffusivityd The D simulationis the baseStandardCase.The collisional D+T simulationhasa
relatively small collision frequency:n,=0.01. Note thatthe identicalvalue 11.73in two separateasess nota

typo.
Simulation Xp XpT X7 Dp Dpr Dt
D 11.82 B - p1.93 - -
Hybrid DT - 12.84 - - b2.19
T - - 14.40 N - p2.49
D+T 12.65 - 11.73 p1.55 - p2.75
CollisionalD+T 12.47 N 11.73 0.846 N 0.128
AdiabaticD+T 4.023 N 3.585 0.202 N p0.202
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FIG. 10. Comparisorof D-T transportcoef®cientsvith thosefrom a pure-D
plasmassolid curves In thetwo-componenDT simulation,we obtainsepa-
rate transportcoef®cientdor deuteriumsdotted curved and tritium sdashed
curved Plot sad comparesx while plot sbd comparesD. Recall that the
normalizationxggp is computedwith respectto pure deuterium.

a50-50plasma.This is abouta 20% decreasdrom X1/ Xggp
asmeasuredn a puretritium simulation.However thereis a
counterbalancingncreasealthoughsmallerin magnitudéin
Xp! Xggp from thatmeasuredn a puredeuteriumsimulation.
The addition of electron-ioncollisions to the problem
reducesthe overall particle pinch strengthbut preserveshe
deuterium-tritiumasymmetry This is illustratedin Fig. 11,
wherea scanover 4,=L,/ L1, showsthat collisionsshift the
point of zero particle ow ghe pinch nulldto higher /..

VIII. ANALYSIS

Although a theoreticalanalysisusing the full nonlinear
GK equationis evidentlyimpossible,we believethat linear
andquasilineamanalysexanshedsomelight on the phenom-

FIG. 11. Comparisonof collisionlessand collisional DT simulationsfor
differentvaluesof 1/L+. Asusualthe densitygradientis ®xedsl.,.=1dand
the electronandion temperatureggradientsare equalsL.=Lpd
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ena describedin precedingsections.In particular we are
interestedin understandinghe helium pinch formation, the
effect of impurity density gradientand dilution on enegy
con®nemenk.s, andthe asymmetric ow of deuteriumand
tritium in a 50-50 mixture.

A. General theory

For all the calculationswe begin from the linear GK
equation.As alwaysthe unit of lengthis takento be a, the
unit of time is a/cg andthe unit of velocity is c.

Vi I9s
ar Ju

=ngZ Vv + V*sdjosvz D:M. 9d
S

In Eq. 94 g, is the nonadiabatigart of the perturbedgyro-
centerdistribution function, ng is the ion density f is the
normalizedelectrostaticpotentialsf 8 ef /T, where fP is
the physicalpotentiati m,8 ! m;/mg.is the mass-ratiorela-
tive to the main ion, and b8 ks 1+5%72 is the ®nite-
Larmorratio S-LRdparameterThe velocity-dependendrifts
are

v..8 k [;i“+fSLiXﬂi§E?(:;
ST e T

2k ?Lgk
Vgs 8 —“r53+v— su+ susin ud

zR 4 2

+ SV + Vs

slod

slid

Using the conventionali @ model for electrons,the Poisson
d.e., quasineutralitd equationfor two ion speciess

slpidthef = O zslzfs + E‘vJo%QGsﬂd
S

s=1,2

8 O Rssvdh .

s=1,2

sl3d

Above, f48 zsns/n, is the chage factor suchthat f;+f,=1.
Also, we have introduceda dimensionlesdinear response
function for the ions R;. Note that the i@ model assumes
electronswhich are primarily adiabaticwith an added weak
nonadiabaticcorrection ¢ to induce electron particle ow.
Speci®cally®nite d. 0 generatesn outward electron ow
andtendto destabilizeelectrondirecteddrift waves.In the
oppositecase,d, 0 generatesan inward ow that tend to
stabilize electrondirecteddrift waves.The quasilinearpar
ticle "uxes at a givenk,r¢ arewritten asfunctionsof the R,
accordingto

G = Refik r \f #R,sV g s14d

In the quasilinearapproximation,we take v to be the com-
plex linear mode frequency which is the solution of the
eigenmodesquationresultingfrom Eq. s13d Thereare vari-
ousapproximatemethoddor solutionof thelinear GK equa-
tions. For ions, the analysisis greatly simpli®edby ignoring
particletrapping.This approximationwhich is equivalentto
working in the limit r/R! 0, is acceptabldor realistic pa-
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rametersand doesnot signi®cantlyalter the effects we are
studying.We alsoignorethe paralleldynamicssk,ci/v! 0d

entirely while exactlyretainingthe curvaturedrift resonance.

This limit has beenexaminedpreviously for the caseof a
pureplasm&**andwill bejusti®edn a subsequersection.
Underthe indicatedassumptionsthe responsdunctionscan
be written as

f
SN S
b 0
3 JZQ,ISV Dv + Vg

an% V+ Vg .
In Eq. s15d wdependenfunctionssuchas vy, have been

evaluatedat u=0. In terms of the responsefunctions, the
eigenvalueequationbecomes

sl5d

b sl +iadd+ R;svd+ R,svd=0. sléed

The doubleintegralsin Eq. s15d are straightforwardto
evaluatenumerically andthe eigenvalueproblemde®nedy
Eq. sl6d can be thus solved by applicationof a root ®nder
The integral form of the dispersionrelationis in fact a very
goodlinear ITG model.To obtaina purely analyticsolution,
we can expandthe integrandin Eq. s15d through orders
Ok, rd Osvy/vd Osvy/v3 Kk, to yield the response
functions

"Spﬁﬁv*pSDs“;rgdzav*fD
3@3

where Vs =K s/ Lns, Var=Kyro/Ly, Vips=Vans+Vsr, and
v4=k,2/Rd Note that v 4, as de®nechere,hasno species
dependenceDespitethe seemingcomplexity of theresponse
functions,the resultingeigenvaluesquationis a simple qua-
draticin v. We refer to Eq. sL7d asthe nonresonantexpan-
sionbecausét neglectsthe physicaleffectsof the drift reso-
nance.

Finally, by writing v=viz+ig and using Eqgs. sl4d and
s17d the explicit form of the quasilinearparticle ‘uxes at a

givenk,r is given by
of H 2VRV+ Dskur o
Gs:kursuc&ne_ls} Vs P Vqg SR;V&ps ”is

2VRV s + Vs dm
Vips P o vd$+ zu/Lf T sl&d
S

+ V*
sl7d

B. Helium pinch formation

We focuson the casel/L . O, which is the morerel-
evantfor helium ashtransport.In the limit of small helium
fraction, it is simpleto computethe helium ow in the long-
wavelengthimit. We arespeci®callynterestedn computing
thenull pointof helium ow, andsoareinterestedn the zero
of
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G" bImRHey beelanH‘e/b vdb Vdv*pHeD

2v?

+ 0K, F. s19d

We will work in thelimit of small g f., andk,r.. To deter
mine the eigenmodefrequencyit is suf®cientlyaccurateto
solve

nDde

=0.
v2

0d

This expressioncan be useto write Imsl/v?din terms of
Imsl/vd yielding a simple equationfor the ow null

V*
IMRy=f E/ vydp —2 gy, v @
p He He nHeI:J d bZV nDID d U/l}

*pD

AVepre

+fHe_ =O, 21d

Vpp
whereg/w i, 1/svs,pv4d’? Forthe StandardCaseparam-
eters, Eq. 21d predicts that the "ow null will occur at
Lne/ Lhe=0.84 ghe zero of the term in squarebracketd in

the adiabaticelectronlimit s¢=0d To make a comparison
with GYRO results,it is usefulto perform simulationsboth
with andwithout adiabaticelectronsThis elucidateghe par

ticular effect that electrondynamicshason the heliumtrans-
port, as can be seenin Fig. 7. For kinetic electronssand
fue=0.1d the GYRO ow null occurs at Lyye/Lpe=1.4,

whereador adiabaticelectrongt occursatL /L, e=2.0.TO

understandhe sourceof the discrepancypetweerthe GYRO
and analytic values,we solved Egs. s15d and s16d numeri-
cally. Thesemore accurateequationspredict that the "ow

null is locatedat Lo/ L, e=2.22in very goodagreementvith

the adiabaticelectronsimulations.This lead us to conclude
that the discrepancy between the simulation value,
Lone/ Lne=2.0, and our analyticalprediction,L e/ L,,e=0.84,
is dueto the omissionof curvaturedrift resonanceffectsin

Eq. s17d Neverthelessfrom Eq. 21d we can still under

stand the pinch mechanismfor which toroidal curvature
playsthe mainrole. Thetermsv.yep v4din Eq. 21drepre-
sentsthe interplay of curvature and helium drift physics,
with curvaturedriving the pinch. The secondermis theback
reaction of the analogous curvature-induceddeuterium
pinch. That is, as more deuterium ows inwards,somehe-
lium must ow outto compensatén orderto maintainam-
bipolarity. Finally, we remark that the nonresonantheory
also predictsa helium pinch for L,/L,e. 0.84, and out-

ward ow for Lyye/Lpe, 0.84,in qualitativeagreementvith

both kinetic and adiabaticelectronssimulations.

C. Density gradient and dilution effects on energy
con®nement

Thepurposeof this analysiss to understandhe effect of
1/Lne and fye ON Xof. Scansover a rangeof fy, for two
valuesof 1/L e arereproducedn Fig. 9. Fromthis ®gurea
puzzle emepges: why do inwardly peaked impurities
sl/L,ne=1d tend to stabilizethe plasmawhile the opposite
effect is found for outwardly peakedimpurities s1/L e
=pld? After all, as seenfrom Eqg. sAd an increasein fy,
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TABLE IV. Physicalrealismof linear, adiabatic-electroralculationssummarizedn TableV. @Trapping®refers
to ion trapping,2parallel motion® to treating] /] u and the u dependencef the drifts exactly 2FLR° to full

inclusionof @nite-Larmorradiuseffects,and?drift resonanceo a nonperturbativareatmentof the curvature
drift resonance. RF denotesthe 2root ®nder®solution of Eqs.sl5dand sl6d while 2analytic® refersto Eqgs.

L2dand23d
sld <d s3d sAd s5d 6d
Model GYRO GYRO GYRO GYRO RF Analytic
Trapping 3
Parallelmotion 3 3
FLR 3 3 3
Drift resonance 3 3 3 3 3

decreases ,; and consequentlys, when 1/L is kept ®xed.
Therefore basedn ITG physicsalone,increasing e should
stabilizethe plasmain contradictionwith our nonlinearre-
sults.

In the context of numerical simulations,this issue has
been consideredpreviouslﬁ where a strong coupling be-
tweenthe ITG andimpuritiesis found to be responsiblefor
this behavior althoughno detailsof this couplingis given.
To properly diagnosethe situation,in what follows, we will
compareresultsfrom a simplelinear eigenvaluesquationto
GYRO linear calculations Using the nonresonangéxpansion,
Eq. sl7d,\(ve solve Eq. sl6dto ®ndgrowth rates

f Vg
g :I Fureh TVt Wappeud <22d

2

where

23d

AV SVt VerdD SVapep v
szure_ 4

is the growth rate when f,.=0. Here, v«,.=k,rsl/L,dand
vVg=k<2/Rd In g the plus sign refersto the 1/Le. O
casewhile the minus sign refersto 1/Ly., 0. As before
Osk,r & correctionsare neglected The last formulasimply
thatg,. g. for agivenvalueof dilution accordingto whatis
found in Ref. 23. However theseanalytic estimategredict
Goure Gp AN Gpyre- 9+ Although the later is true, the
formeris in contradictionwith linear’ andnonlinearsFig. 9d
simulationswheregye gp. To resolvethis discrepancywe
mustturn to a more accuratecalculationof growth rates.
Table IV describesn detail the assumptionswvhich de-
®neeachof six separatdinear calculationsHere,sldis the
most realistic set of assumptionsand $6d the leastrealistic.
TableV showsthe normalizedgrowth rates,for eachof the
six casedescribedn TablelV for 1/Ly.= 1.In TableV,

theresultsfor 1/L,4.=1 showagreemenin trendwith non-
linear simulations ghat is, increasing fy. stabilizes the
plasmal It alsoshowsthattrappingplaysa minor role fcom-
paresldand2dgwhile v; hasno effect fcompare2dands3dg
justifying the assumptionsnadefor our analytical calcula-
tions. For the caseof ®nite-Larmoiradiuss-LRd effects we
seea strongervariation, but as mentionedbefore the quali-
tative behavior is not modi®ed. For the opposite case
sl/Lne=p1ld a moreinterestingbehavioris observedWhen
all physicseffectsareincludedfseesldgwe canseethetrend
predictedin Fig.9whereoutwardlypeakedmpuritiestendto
destabilizethe plasmawhen comparedto the pure plasma
case.However as physicaleffectsare removed,the destabi-
lizing trendis almosteliminatedfor the GYRO simulations
fcases2dtsAdgand the root ®ndersRFd codefseesbd solu-
tion of Egs. sl5d and sl6dg It is only the analytic result
which showsa reversalin the trendfseestd Eqs.s22dgndi-
catingthatthe effect observedn Fig. 9 is mainly causecby
the drift resonancdseeE(q. s15dg Moreover by comparing
the last column of TableV, we seethat the direction of the
densitygradientl/L . doesnot seemto play aslargearole
in the instability formation as initially thought.Finally it is
worth mentioningthatparallelmotionandFLR effectsplay a
very small role andthereforetheir exclusionis justi®ed.

The main conclusionfrom theseresultsis that although
impurities play somedirect role, the behavior observedis
mostly the resultof all the physicalmechanisménvolvedin
the problemsuchas particle trapping, parallel motion, FLR,
and moreimportantthe drift resonance.

D. D-T ow separation

Perhapghe most curious nonlinearsimulationresultis
the observationof an asymmetric ow of deuteriumandtri-
tium in a 50-50 mixture. Upon discoveringthis asymmetry

TABLE V. Summaryof growth rate shift, g/ g,, for 1/L,4e= 1 andf,.=0.1,0.3 for eachof the six models
outlinedin TablelV. Here, g, refersto the growth rate at f,,.=0 for a given 1/L,4, and model.

/Lo fie sid d sd 4d &d sd
1 0.1 0.972 0.970 0.970 0.960 0.967 0.890
1 03 0.938 0.930 0.930 0.880 0.01 0.61
b1 0.1 1.028 1.0 1.0 1.001 1.008 0.947
b1 03 1.355 1.085 1.085 1.040 1.040 0.829
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we then computedquasilinear ow estimatesusing linear

GYRO simulations.We found that the quasilinearestimates
alsorobustly exhibitedthe D-T "ow asymmetryof the non-

linear simulationsbpredictingthat the tritium “ow is di-

rectedinward and the deuterium ow of equal magnitude
outward. This motivatedus to searchfor a simple analytic
expressionwhich could give somephysicalinsight into the

symmetrybreaking.Settingzp=zr=1, andfp=f;=1/2, and

noting that that responsdunctionshavethe form

1
=Asvd+ —Bsvd,

i

with nﬁ:2/3, we can write the eigenvaluesquationas
1
b sl pidd+ 2Asvd+ S+ n_ﬁ @vd: 0,

where

Vi« v V
Asvd:—”p—dS+—9D 26d
2v  2v v

Bsvd= p F < skL,rsoe 5 D3 vd8 v*T @

By demandinghatthe eigenvaluesquationbe satis®edit is
easyto show that the imaginary part of the response€unc-

tions become
1§,
27t

1
ImMRy=— %pl vdpg.

In theregimev.,@QV 4 @skursd’-v*p, we cancomputea crude
butillustrative expressiorfor the explicit quasilineamparticle
“ow, as de®neddy Eq. sl4d at a givenvalueof k,r

Gp = NesKr Jdi B Im Rod

LN |1$ R
—+85kur5d5u‘l§ 5 n+|—T 20§<L,rsdvjtf,

29d

RD = Asvd+ BSVd, RT K4

25d

a
ImRy=p dez,

<£8d

Gr = nesk,r (déi dsp Im Rrd

e |1$ RDn.
_psskursoﬁu‘& 2P L zaékursdvj&.

s30od

Thequasilinearesultis quiterobust,andindicatesthatin the
sadiabatid limit o=0, for any form of the potential 5.e.,
independenif any mixing-length or similar assumptions
the tritium will "ow inward and the deuteriumoutward at
everyvalueof k,r. Notethatthetotal transportcoef®cients
obtainedby summationover the toroidal modenumbern in
Js=ng/rdrg. At ®nite d. 0, we observethat the added
effect of electrondynamicsis to symmetricallydrive anout-
ward "ow of both specieswhereasin the oppositecasesd
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, 0daninward "ow is driven. This showsthat, within the
accuracyof the id model, the particle ow asymmetryis
purely anion effect.

However the DT "ow separatioreffect discussedn this
section is simply the result of having fp=fr=1/2 and
1/L,p=1/Lyr=1. Thisin turn makesAsvdthe samefor both
speciesand consequentlystd/nﬁ, which is Osk,r (P, the
only sourceof asymmetryln the caseof arealfusionplasma
where the previous equalities may not be satis®edAsvd
which is Osld and different for deuteriumand tritium, will
dominatethe dynamicsof the particle "uxes.

In order to look at this effect in more detail we write
Gy=G./2+D and G;=G./2pD. For the sakeof clarity we
considerntwo casesThe ®rstcaselooksat f1 variationskeep-
ing the densitygradients®xedandequalsl/L,p=1/L,r=1d
whereasin the secondcasewe consider1/L,; variations
with ®xedfr=1/2. In both caseselectrondynamicsis not
includedsG,=0d To complementhis analysiswe useagain
the RF code fsolution of Egs. s15d and slédgusedin the
precedingsection.For the ®rstcasewe ®ndthat D~f; as
expectedfrom ambipolarity constraintsand no electrondy-
namics.In the secondcasewe ®nda more interestingsitua-
tion in which the particle ow is controlled by the density
gradientsof deuteriumand tritium. For instance,when the
density gradientof tritium is steepenednough,the deute-
rium “ows inward while the tritium “ows outward as op-
posedto the 1/L,p=1/L,;r caseThis effectis reversedvhen
the tritium densitygradientis “attened enough.This comes
from the fact that Eq. sAd is always enforced.The point of
zero ow occursat 1/L,;=1.0398which indicatesthat the
DT 50-50 effect found is very subtle indeed and that the
slightestdeviationfrom equal density gradientscan restore
equalD andT “ows.

E. On The accuracy of selected approximations

In attemptingto constructan analytic theory of ITG
modeswhich is reasonablyaccuratefor typical tokamakpa-
rametersone soon®ndsthat many of the more popularap-
proachesareratherproblematic.Certainmodels,suchasthe
ubiquitous slab approximation swhich setsvy/v=0d may
often be nextto uselessA more sophisticatednodel which
appearsin the literature is derived by working to leading
orderin v4/v, ks, andkcs/v ghe so-called uid limitdto
derive a soluble second-ordedifferential equationfor the
eigenfrequencs”**’ However in this model, the neglectof
resonanturvaturedrift effectsleadsto a ratherseriouserror
in the phaseof the eigenfrequencyand is thus a poor ap-
proximationfor many purposesFor example,the eigenfre-
guencyv =vx+igin the uid limit tendsto be almostpurely
growing, with vy, 0. In reality, toroidal ITG modesfor the
StandardCasetypically satisfywgu wu This undesireable
featureof the uid limit is a consequencef the perturbative
expansionin vg4/v. It turnsout that for realistic parameters,
it is betterto ignore Ok, cs/ vdtermscompletelyshustrans-
forming the problemto analgebraicratherthana differential
onadandinsteadfocuson working to higherordersor in fact,
nonperturbativelglin v4/v.

By referringto Fig. 12, onecanseeclearlythe difference
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FIG. 12. Comparisorof eigenfrequencieir theoryincluding nonperturba-
tive drift resonancesolid curvesi with thosefrom the nonresonanexpan-
sion dottedcurvesl StandardCaseparametersor a 50-50D-T plasmaare
used.

betweenworking to lowest order in v4/v shonresonant
theoryd and nonperturbativelyin v4/v sesonantheoryd for
a D-T plasma.As claimed,the nonresonantheory predicts
aneigenfrequencyvhich is almostpureimaginary while the
resonanttheory correctly predicts that the mode rotates
stronglyin theion direction.To moresystematicallydescribe
the effectsof eachapproximationwe consider®vedifferent
calculationsof the quasilineardeuterium ow of the preced-
ing section.Figure 13sad showsthe exactvaluefGYRO sldg
comparedwith that obtainedby neglectingtrappingfGYRO
s2dgand parallel motion fGYRO s3dgentirely. The salient

FIG. 13. Plot sad comparesthree GYRO calculationsof the quasilinear
deuterium ow in a 50-50 D-T plasmafor the StandardCase.GYROsld
makesno approximation.GYRO 2d neglectsparticle trappingby settingr
=0.05 fwhereasGYRO sld hasr=0.5g and GYRO s3d ignoresthe parallel
motion son-soundphysicsl altogether Plot sbd comparesthe GYRO s3d
simulationwith thefull local kinetic theoryftheorysld which usesEq. s15dg
and the long-wavelengthlocal kinetic theory ftheory 2d which usesthe
simpler Eq. sl7dg

Phys. Plasmas 12, 022305 ~2005!

point is that parallel motion can be safely ignored. In Fig.
139d it is evidentthat the resonantintegral theory ftheory
sldgagreesextremelywell with the GYRO calculationthat
neglectsparallel motion fGYRO s3dg This, we believe the
resonanintegraltheoryshouldbe usedin any casewherean
accuratebut still tractablemodel is required. Surprisingly
Fig. 13sbd also showsthat the nonresonantheory ftheory
2dggivesa very good descriptionof the quasilinear ow in
the low-to-moderatek,r; range.This lends somedegreeof
con®denc¢o the analyticresultsin Eqs.s29d and s30d

IX. CONCLUSIONS

The principal resultsof this investigationcan be sepa-
ratedinto three categoriespure plasmas,plasmaswith im-
purities andisotope ow separation

In pure plasmas.the different pinch formation mecha-
nismswere studied,indicating that the temperaturegradient
plays the dominantrole. Electron collisions, on the other
hand,generallyopposethe productionof a thermalpinch.

In plasmaswith impurities, the effects of impurity den-
sity gradientsand dilution were considered.For moderate
valuesof the helium densitygradient,a helium pinch canbe
createdandis driven largely by ®nitetoroidicity scurvaturel
Further we found that the direction of the density gradient
introducessubstantiafualitativeand quantitativechangeso
the plasmabfor example a plasmawith impuritiespeakedn
the core hasbetterenegy con®nementhan a plasmawith
impurities peakedat the edge.Finally, we examinedthe va-
lidity of different approximationsto transportin multiple-
specieplasmasspeci®callythe dilution modelandlumped-
mass approximation. It was found that it is best to
approximate an impure plasma with the simplest
alternativeba pure plasmabat leastwhen both speciesare
similar ssuchasfor deuteriumandheliund Perhapghe most
commonly discussed impurity problem is that of a
deuterium-carbon plasma, but we have focused on
deuterium-heliumplasmasbecausemost experimentsare
donewith helium andbecausehe helium ashremovalis an
importantproblemfor burning plasmasRef. 28, andrefer
encesthereird For the nominal parametersstudiedin this
paper the deuteriumcore ions ow inward and the helium
impurity ions ow outward.

Finally, reactofrelevant D-T plasmaswere analyzed.
Contraryto whatis normally assumedthe turbulent ows of
deuteriumandtritium are not equalbut showan asymmetry
Startingfrom an optimal 50-50 mixture, the asymmetryfa-
vors the buildup of tritium in the core.A quasilinearmodel
showsthat this asymmetryis causedby FLR effects. How-
ever a small steepeningof the tritium pro®le can restore
equal ows of D andT.
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Equationssl2dandsl6din the original papercontainan  and
incorrectterm s®rstterm on the right-handsided and an in-
correct sign, respectively The corrected versions of said

equationsare asfollows: b sl piat+Rysvd+ R,svd=0. sl6d

. \&
slpidhf = O z Efsnef + EVJO&Z %QG sl2d  Thesechangeso not affect the subsequenanalyses.
S

s=1,2
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